Proyecciones (Antofagasta. On line) | vol. 40, n. 2 (2021) | pp. 425-445.

0i)10.22199/issn.0717-6279-2021-02-0026

YJPROYECCIONES

Journal of Mathematics

ISSN 0717-6279 (On line)

Regularity and normality in ideal
bitopological spaces

Néstor Ratl Pachdn Rubiano® orcid.org/0000-0002-7191-127X%

Escuela Colombiana de Ingenierfa Julio Garavito, Depto. de Matematicas, Bogot4, Colombia.
Snestor.pachon@escuelaing.edu.co

Received: May 2020 | Accepted: October 2020

Abstract:

We introduce, and study, the regularity and normality in ideal bitopological
spaces, absent subject in literature. Our definitions have the advantage of
using only the open sets of the two underlying topologies. These new concepts
represent generalizations of Kelly’s concepts of pairwise regularity and pair-
wise normality. The extension of the T,, T; and T, axioms to these spaces is due
to Caldas et al.

Keywords: Bitopological spaces; Ideal bitopological spaces; Separation in
bitopological spaces; Separation in ideal bitopological spaces.

MSC (2020): 54D10.

Cite this article as (IEEE citation style):

N. R. Pachén Rubiano, “Regularity and normality in ideal bito-
pological spaces ”, Proyecciones (Antofagasta, On line), vol.
40, no. 2, pp. 425-445, 2021, doi: 10.22199/issn.0717-6279-
2021-02-0026

Article copyright: © 2021 Néstor Rail Pachén Rubiano. This is an open access article distributed under
the terms of the Creative Commons License, which permits unrestricted use and distribution provided

the original author and source are credited.
[®)er


https://www.revistas.ucn.cl
https://doi.org/10.22199/issn.0717-6279-2021-02-0026
https://doi.org/10.22199/issn.0717-6279-2021-02-0026
https://portal.issn.org/resource/ISSN/0717-6279#
https://orcid.org/0000-0002-7191-127X
https://creativecommons.org/licenses/by/4.0/

426 Néstor Raul Pachon Rubiano

1. Introduction and preliminaries

Bitopological spaces were introduced in 1963 by J. Kelly [2], as a tool
to systematize the study of quasi-metrics. The study of the axioms of
separation in this type of spaces was started by him, and has had important
contributions from I. Reilly [7]. Regarding the study of the axioms of
separation in ideal bitopological spaces, Caldas, Jafari, Popa and Rajesh,
in a joint work of 2010, have defined what refers to the axioms Tg, T; and
Ty. With respect to extensions of the axioms of regularity and normality
in these spaces, we have no references.

In this paper we introduce and investigate the pairwise Z-regular spaces,
the pairwise Z-normal spaces, the strongly pairwise Z-regular spaces and
the strongly pairwise Z-normal spaces, and for this we only use the open
sets of the underlying topologies. This is not only more natural but it
allows us to work in a simpler way.

An ideal 7 in a set X is a subset of P(X), the power set of X, such
that: (1) if AC BC X and B € Z then A € 7, and (i) if {A, B} C T then
AUB e

Some useful ideals in X are: (i) P(A), where A C X, (i) Iy (X),
the ideal of all finite subsets of X, (iii) Z.(X), the ideal of all count-
able subsets of X and (iv) Z, (X), the ideal of all nowhere dense sets
in a topological space (X,7). If 7 is an ideal in X and if f : X — Y
is a function, then the set f(Z) = {f(I):I €Z} is an ideal in Y [3].
Furthermore, if J is an ideal in Y and if f : X — Y is an one-one
function, then the set f~1(J) = {f~1(J): J € J} is an ideal in X [3].
If J is an ideal in Y and if f : X — Y is a function, then the set
Zrg = {AC X :thereisa J € J with AC f~!(J)} is an ideal in X [6].
If 7 is an ideal in X and A C X, then the set Ty = {ANI:1 €7} is an
ideal in A.

If (X,7) is a topological space and Z is an ideal in X, then (X,7,7) is
called an ideal space. If (X, 7) is a topological space and A C X then the
closure and the interior of A are denoted by A (or adh,(A), or adh(A)) and
A(or int,(A), or int(A)), respectively.

An ideal space (X,7,7) is said to be Z -compact [3] if for each open

cover {Vo},ea of X, there is a finite Ag C A such that X\ U Vi, €Z.
aEAg

Given an ideal space (X, 7,7) and a set A C X, we denote by A* () =
{re X :UNA¢TI, for every U € Twith x € U}, written simply as A* when
there is no chance for confusion. It is clear that A* C A. A Kuratowski
closure operator [8] for a topology 7*(Z), finer than 7, is defined by
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Cl*(A) = AU A*, for all A C X. When there is no chance for confu-
sion 7" (Z) is denoted by 7*. The topology 7" has as a base 5 (1,Z) =
{VN\I:VerandIeTI}[l].

If 7 is an ideal in X and J is an ideal in Y, then Z® J [5] is the set
of all D C X x Y such that thereexist € Z, AC X, Je€ J and BCY,
with D C (A x J)U (I x B). Tt is shown in [5] that Z ® J is an ideal in
X xY.

If {X;:7 € A} is a collection of sets and if Z; is an ideal in X;, for each

it € A, we will denote by @ Z; the set of all A C [[ X; such that there
icA i€A
exists a finite Ag C A with A C U pi_1 (I;), for some I; € Z;, for each
1EA
i € Ao [6]. Here p; represents the i-th (;Jrojection. It is very simple to prove
that @ Z; is an ideal in ] Xj;.
€A €A

If 7 and S are topologies in a set X, then (X, 7, () is called a bitopo-
logical space [2]. If, in addition, Z is an ideal in X, then (X, 7,3,7) is an
ideal bitopological space.

Finally, throughout this work we will use the following topologies in R:
a) C = {o,R} U {(a,00) :a € R}, b) L is the (Sorgenfrey) topology of all
V' C R such that, for each a € V| there is a b > a such that [a,b) CV, ¢) v
is the topology in which the neighborhoods of any nonzero point being as
in the usual topology U, while neighborhoods of 0 will have the form U\F,
where U is a neighborhood of 0 in ¢ and F = {1/n:n € Z*}.

The symbol O is used to indicate the end of a proof.

2. Pairwise Z-regular spaces

In this section we introduce our first extension of regularity to ideal bitopo-
logical spaces. We present some characterizations and properties of interest.
We recall that a bitopological space (X, 71, 72) is defined to be pairwise reg-
ular [2] if for every i € {1,2}, every 7;-closed set F' and z € X\F, there
are U € 7; and V € 75, where j € {1,2}\ {4}, such that z € U, F C V and
UNV = @. The concept that we will present here is a generalization of
that definition.

Definition 2.1 The ideal bitopological space (X, 71,72, J) is pairwise Z
-regular if, for every i € {1,2}, every 7;-closed set F' and x € X\F, there
exist U € 7; and V € 75, where j € {1,2}\ {4}, such that z € U, F\V € J
and UNV = Q.
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It is clear that if (X,71,72) is pairwise regular then (X, 71,72,J) is
pairwise Z-regular, and that (X, 7, 72) is pairwise regular if and only if
(X, 11,72, {0}) is pairwise Z-regular.

Example 2.2 1) The space (R,C, L, J), where J is the ideal of all upper
bounded subsets of R, is pairwise Z-regular, because:

a) If F'is C-closed and if a € R\ F then there exists a < a such that
(,00) CR\F. If we do U = (23%,00) and V = (—o0, 25%) then U € C,
VeLl,acU F\V=0ecJandUNV =0Q.

b) If G is L-closed and if a € R\G then there is a b > a such that
[a,b) C R\G. If we do V = (b,00) and U = [a,b), then V € C, U € L,
UNV =0 and G\V € J.

However (R,C, £) is not pairwise regular. In fact, the set G = (—o0, 0]

is L-closed, and if U ¢ C, V € L, G CU and 1 € V, it is clear that U = R
and so UNV # Q.
2) If r ={0O,R},8 =PR) and if J = Z.(R), then (R, 7,3,J) is not
pairwise Z-regular. In fact, the set F = R\ {1} is B-closed, and if U € 7,
Ve B, F\U € J and if 1 € V|, then the only option is U = R, and so
Unv =V #0.

We will begin by presenting some characterizations of pairwise Z-regularity.

Theorem 2.3 The following propositions are equivalent:

1) The space (X, 71,72, J) is pairwise Z -regular.

2) For all i€ {1,2} ,every W er and z € W ,thereisa U e
such that = € U and adh,, (U)\W € T , where j € {1,2}\{i} .

3) For every i € {1,2}, every 7; -closed set F' and x € X\ F, there exist
U € 7; such that x € U and adh,, (U)NF € T.

Proof. 1) — 2) Suppose that i € {1,2}, W €7, and z € W. We can
find a U € 7; and a V' € 7, where j # 4, such that x € U, (X\W)\V € J
and UNV = @. Hence adh,; (U) € X\V and so adh,, (U)\W € J.

2) — 3) Suppose that i € {1,2}, F is a 7;-closed set and z € X\F.
There is a U € 7; such that x € U and adh,, (U) \ (X\F) € J, where j # i.
Thus adh,, (U)NF € J.

3) — 1) Ifi e {1,2}, F is a 71;-closed set and = € X\F, there exists
U € 7; such that z € U and adh,, (U) N F € J, where j # i. Then

F\ (X\adh,, (U)) € J, with U 0 [ X\adh,, (U)] = 0. O

Now we will show a relationship between pairwise Z-regularity and com-
pactness.
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Theorem 2.4 If the space (X, 71,79, J) is pairwise Z -regular and if
1 # j, then for every 7; -compact set K and every 7; -closed set F,
with FNK = O, there are disjoint U € 7; and V € 7;, such that K CU
and F\V € J.

Proof. Suppose that ¢ £ j, K is a 7;-compact set, F' is a 1;-closed set and
FNK = . For each € K, there are disjoint U, € 7; and V,, € 7; such
that z € U, and F\V, € J. There is a finite Ky C K such that K C U =

UUsen V=0 VathenVer, F\V= U (F\Vy) €J and
€Ky €Ky zeKo
Unv=0.0

The next two properties have to do with the products of pairwise Z-
regular spaces.

Theorem 2.5 If (X,7,72,7) and (Y, (1,52, L) are pairwise Z -regular
spaces, then (X XY, 7 X 1,72 X 52, ® L) is pairwise Z -regular.

Proof. Suppose that i € {1,2}, W € 7; x 8; and (a,b) € W. There are
U € 1, and V € §; such that (a,b) € U x V. C W. Now, by Theorem 2.3,
there are Uy € 7; and Vi € 3; such that a € Uy, b € V4, adh,, (U1)\U € J
and adhg, (V1)\V € L, where j # i. Hence adh,, g, (U x V1)\W C

|adhs, (U1) x adhs, (V)| \ (U x V) = [ (adhs, (11)\U) x adhg, (V1)| U
|adhs, (U) x (adhg, (Vi) \V)], and so adhr, s, (Uy x Vi) \W € J & L.

Thus (X XY, 7 x 81,72 X B2, T ® L) is pairwise Z-regular, by Theorem
2.3. 0

Theorem 2.6 If {(X,, 710,720, o) : @ € A} is a collection of pairwise

T -regular spaces, then T Xo, I 71as I ™a, @ Jo | is pairwise T
acA acA €A acA

-regular.

Proof. To begin, we define X = [[ Xo, 1 = [[ 7Tia and 7o = [[ m2a-
acA aEA aEA
Suppose that i € {1,2}, W € 7; and a = (aq)pen € W. There are

{a1,02,...,0,} € A and V,,; € Ty, for each j € {1,2,...,7}, such that a €
ﬁ p;jl (Vaj) C W, where pg, is the a; — th projection. If j € {1,2,...,7}
%ién ao; € Vaj, and so, by Theorem 2.3, there is a Uaj € Tia; such that
€ U,; and athkaj (Ua].) \Vaj € Ja;, where k € {1,2} \{¢}. Now,

Ao,
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since each function p,; : (X, 1) — (Xa i Tia j) is continuous, we have that
s T
U= p;jl (Uaj) € 71;. Moreover a € p;jl (Uaj>.
j=1 j=1

A 1 S|
On the other hand, adh,, (U)\W C j@l adh, (paj (Uaj)) \j@l Pa; (Va].)
A | N1 "1
C 15 (o, ) (0] € 0 (o, 015
and so adh,, (U)\W € & Ja, because p,? (adhfka_(Uaj)\Va].) € QR Ju,
acA ’ J acA
for each j € {1,2..,r}.

By Theorem 2.3, <X, T, T2, & Ja> is pairwise Z-regular. O
a€EA

In the three theorems that follow we will present some functional prop-
erties of pairwise Z-regular spaces.

Theorem 2.7 If for each ¢ € {1,2} we have that f : (X, ;) — (Y,5;) is
a continuous, open, closed and surjective function, and if (X, 7,79, J) is
pairwise Z -regular, then the space (Y, 1, 52, f (J)) pairwise Z -regular.

Proof. Suppose that ¢ € {1,2}, W € f; and that f(a) € W. Since
a€ f~H(W) and f~1 (W) € 7, there exists U € 7; such that a € U and
adhs, (U)\f7H (W) € J, where j # i. Hence f[adhs, (U)\f™(W)] €
f(J). If we now consider that f is continuous, closed and surjective, thus
adhs, (f (U)\W =  (adhs, () \W = f (adhr, (U)) \F (7 (W))

f |adhy, (U)\f71(W)], and so adhg, (f () \W € f(J), with f(U) € 6
and f(a) € f(U). Theorem 2.3 implies that (Y, 51,82, f (J)) is pairwise
Z-regular. O

Theorem 2.8 If for each ¢ € {1,2} have that f : (X,7) — (Y,5;) is a
continuous, closed and injective function,and if (Y, 51, P2, L) is pairwise
T -regular, then the space (X, 71,72, f_l(ﬁ)) is pairwise Z -regular.

Proof. Suppose that ¢ € {1,2}, F is a 7;-closed set and that a € X\F.
Given that f(a) ¢ f(F) and f(F) is fB;-closed, there are disjoint W € f;
and T" € f3;, where j # 4, such that f(a) € W and f(F)\T € £. This implies
that a € f=L (W), F\f 2(T) € f~1(L), 7L (W) e n, f£1(T) € 7; and
AN (1) = 0. 0
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Definition 2.9 If (X, 71, 72) and (Y, 81, B2) are bitopological spaces, then
a function f : (X, 1, 72) — (Y, 51, 52) is said to be pairwise perfect if, for
each i € {1,2}, f: (X,7) — (Y, ;) is a continuous, closed and surjective
and if, for each y € Y, f~! ({y}) is compact in (X, 7;).

Theorem 2.10 If f : (X, 7,72) — (Y, 51,02) is pairwise perfect, and if
L is anideal in Y such that (X, 71,72,Zy ) is pairwise I -regular, then
(Y, B1, P2, L) is pairwise Z -regular space.

Proof. Suppose that i € {1,2}, H is a f;-closed set and that b = f (a) €

Y\H. Since f~!({b}) is 7-compact, f~1 (H) is 7i-closed and f~! ({b}) N
f7Y(H) = @, Theorem 2.4 implies that there are U € 7; and V € 7,

where j # i, such that f~'({b}) C U, f~'(H)\V € Iy and U NV

= (). There exists L € £ with f~1 (H)\V C f~1(L). In this way we

obtain that: f~1(H) C VU f~1 (L), (X\V)Nn fH(Y\L) C f~1(Y\H),
FIXWV) N £ OND] CYVE, H CY\S [(XWV)\F(L)] €W\ [F (X\V)\L] =
[Y\ f (X\V)]UL, and this implies that H\ [Y'\ f (X\V)] C L. Thus H\ [Y'\ f (X\V)]
€ L. On the other hand b € Y\ f (X\U), Y\f(X\U) € g;, Y\f(X\V) €

Bj. Given that f is surjective, [Y'\ f (X\U)]N[Y\f(X\V)] = 0. O

We will end this section by showing two properties of pairwise Z-regularity,
related to 7 topologies.

If 7 is a topology in X, the collection of all closed sets in (X, 7) is a
base for a topology 7¢ in X. If, moreover, J is an ideal in X then the set
7 U J is a base for a topology 7 @ J in X, finer than 7 [5]. Another base
for @ J is theset {VUJ:V €7 and J € J}.

Theorem 2.11 If (X, 7,J) an ideal space, then (X, 7%, (7¢)*,J) is pair-
wise Z-regular.

Proof. a) If F'is 7*-closed and if a € X\F then there exist V € 7 and
J € J,such that a € V\J C X\F. Soa eV, V et VNn(F\J) =0,
F\J e (" and F\ (F\J)=FnJeJ.

b) If G is (7¢)*-closed and if b € X\G then there are T' € 7¢ and L € J,
such that b € T\L C X\G. Now, thereisa W € 7 such that b € X\W C T.
Hence (X\W)\L C X\G, and so G\W C L. In this way G\W € J and
be X\W, with W € 7 and X\W € (r9)*. D

Theorem 2.12 If (X, 7, J) an ideal space, then (X,7* & J,((7%))",J)
is pairwise Z -regular.
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Proof. a) If F'is (7* @ J)-closed and if a € X\ F, then there exist 7" € 7*
and J € J such that a € TUJ C X\F.

i) Suppose that a € J. We have that J € 7*® 7, F\ [(X\T)\J]=0 € J,
(X\T)\J € ((r*)9)" and J N [(X\T)\J] = O.

i1) Suppose that a € T'. Thereare V € T and I € J such thata € V\I C T.
In this way (V\I)UJ CTUJ C X\F, and so F\ [(X\V)\J] C I\J. This
implies that F\ [(X\V)\J] € J. Moreover (X\V)\J € (7¢)* C ((7%)9)",
VNI e @ J and (V\I) N [(X\V)\J] = O.

b) If G is ((7%)°)"-closed and if a € X\G, then there are T € (7*)° and
J € J such that a € T\J C X\G. Now, there exists R € 7* with a €
X\R C T. Note that X\R € (7%)° C ((7%)°)". On the other hand, since
(X\R)\J C X\G we have that G\R C J, and so G\R € J. Moreover
Rer*qpJ. O

3. Pairwise Z-normal spaces

In this section we introduce our first extension of normality to ideal bitopo-
logical spaces. We recall that a bitopological space (X, 71, 72) is defined to
be pairwise normal [2] if for any disjoint pair of a 7;-closed set F' and a
7j-closed set G, with i # j, there are disjoint U € 7; and V' € 7; such that
F CU and G C V. Our concept is a generalization of that definition.

Definition 3.1 The ideal bitopological space (X, 71,72, J) is said to be
pairwise 7 -normal if for each 7;-closed set F', each 7j-closed set G, with
i # jand FNG = O, there are disjoint U € 7; and V € 7 such that
F\U € J and G\V € J.

It is clear that if (X,71,72) is pairwise normal then (X, 71,72,J) is
pairwise Z-normal, and that (X, 7, 7) is pairwise normal if and only if
(X, 71,m2,{0}) is pairwise Z-normal. It is also clear that if (X, 71, 72,J)
is pairwise Z-normal and A is a 7;-closed subset of X, for each i € {1, 2},
then (A, (1) 4, (72) 4, Ja) is pairwise Z-normal.

Example 3.2 1) The space (R,C,~,J), where J is the ideal of all upper
bounded subsets of R, is pairwise Z-normal because if F' is a nonempty
C-closed set, GG is a nonempty v-closed set and if FF NG = @, then there is
a a € R such that F' = (—o0,a]. If we do U = (—o0,a) and V = (a,00)
then G\V e J, F\Ue J,Ue€~, VeCandUNV =0.

However (R, C,7) is not pairwise normal given that if we consider the

C-closed set F' = (—o0, 0] and the y-closed set G = {1 in € Z*} then, for

n -
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eachU eyand V eC,if FCUand G CV,then UNV # 0.

2) If P¢(R\Q) is the set of all finite subsets of R\Q, then the space
(R,C,v,Pf(R\Q)) is not pairwise Z-normal. Consider the C-closed set
F = (—00,0] and the v-closed set G = {1/n:ne€Z*}. If V € C and
G\V € P;(R\Q) then the only option is that G C V, and this implies that
(0,00) C V. Now, if U € y and UNV = @, we have that U C (—o0,0].
Since U € 7 then 0 € R\U, and so F\U ¢ P;(R\Q).

In the following theorem we present some characterizations of pairwise
Z-normality.

Theorem 3.3 The following propositions are equivalent: 1) The space
(X,71,7,J) is pairwise Z -normal. 2) For each ¢ # j ,if F is 7
-closed, W € 7; and F' C W, then there are U € 7; and a 7; -closed
set G, such that F\U € J, U C G and G\W € J. 3) For each i
#j,if F is 7 -closed, W € 7; and F C W, then thereis a U € 7
such that { F\U,adh,, (U)\W} C J . 4) Foreach ¢ #j,if F is =
-closed, G is 7 -closed and F'NG = ¢, then thereisa U € 1; such
that {F\U,adh,, (U)NG} C J .

Proof. 1) — 2) Suppose that ¢ # j, F' is 7;-closed, W € 7; and FF C W.
There are U € 7; and V € 7; such that F\U € J, (X\W)\V € J and
UNV =g¢. Hence U C X\V and (X\V)\W € J.

2) — 3) Suppose that ¢ # j, F' is 7;-closed, W € 7; and ' C W. There are
U € 7 and a 7;-closed set G such that F\U € J, U C G and G\W € J.
Thus adh,, (U) C G and so adh,, (U)\W € J.

3) — 4) If i # j, Fis a 1y-closed set, G is a 7j-closed set and FF NG =
@, then there is a U € 7; such that F\U € J and adh,, (U)\ (X\G) € J.
Then adh,, (U)NG € J.

4) — 1) If i # j, F is a 7;-closed set, G is a 7j-closed set and FNG = O,
there exists U € 7; such that {F\U, adh., (U) NG} C J . In consequence
G\ (X\adh,, (U)) € J. O

Some functional properties of pairwise Z-normal spaces will be shown
in the following two theorems.

Theorem 3.4 Suppose that, for each i € {1,2} , f: (X,7) — (Y,5)
is a continuous, closed and surjective function, that J 1is an ideal in Y
and that (X, 71,7,Zs7) is pairwise Z -normal. Then (Y, 1,52, J) is a
pairwise Z -normal space.



434 Néstor Raul Pachon Rubiano

Proof. If H is a B;-closed set, K is a B;-closed set, with ¢ # j and HNK =
@, there are disjoint U € 7; and V € 7; such that { f~1 (H)\U, f~1 (K)\V}
CZsyg. Thereisal € J with f~1 (H)\U C f~(I). Thus f~' (H\I) C U,
X\U C f~H(Y\H)UI, f(X\U) C (Y\H)UI, H\I CY\f (X\U), and so
H\ [Y\f (X\U)] C I. This implies that H\ [Y\ f (X\U)] € J. Similarly we
obtain that K\ [Y'\f (X\V)] € J. Moreover Y\ f (X\U) € g;, Y\f (X\V)
€ Bi and [Y\f (X\U)] N [Y\f(X\V)] = O, because f is surjective and
UnvV =0.0

Theorem 3.5 If (Y, 31,02, L) is pairwise Z -normal and if, for each i €
{1,2}, f: (X,7) — (Y, ;) is a continuous, closed and injective function,
then (X, 71,72, J) is a pairwise Z -normal space, for each ideal J in X

with f~1(£) C J .

Proof. If F'is a 7;-closed set, G is a 7j-closed set, with 7 # j and FNG = O,
then there are disjoint U € 3; and V' € §; such that {f(F)\U, f(G)\V} C
L. Hence {F\f~1(U),G\f'(V)} S fH(L)C T, fHU) e, (V)
crmand fTLU)NfFH(V)=0. O

Now we show a condition under which a pairwise Z-regular space is a
pairwise Z-normal space.

Definition 3.6 The subset F' of the space (X, ,3,J) is said to be P -
compact if for each cover {V,, : o € A} C 7U S of F, there exists a finite

Ay € A such that F\ U V, € J. The space (X,7,3,J) is defined to
aElg
said P -compact if X is P-compact.

It is clear that if (X, 1, 3, J) is P-compact, then (X, 7, J) and (X, 3, J)
are Z-compact. Moreover, it is easy to see that if (X, 7,3, J) is P-compact
and X\F € 7U S, then F is P-compact.

Example 3.7 1) If 7 = {A CR: A is upper bounded} then it is easy
to see that the space (R,C,Cy,J) is P-compact, where Cy is the cofinite
topology.

2) The sets 71 = {A C Z : the proposition 0 € A = 2Z C A is true and
79 = {A C Z : the proposition 1 € A = 2Z C A is true} are topologies in
Z, where 2Z is the set of even integers. Note that if A C Z and 0 ¢ A
then A € 1, and that if B C Z and 1 ¢ B then B € . If J = P(Z\2Z),
then (Z,11,J) and (Z, 12, J) are Z-compact. On the other hand, it is clear
that, for each n € Z, A, = {2n+1} € 71, and B, = {2n} € 7. Then
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Z = ( U An> U ( U Bn>, but there are no finite Zg C Z and Z1 C Z
nez neZ

such that Z\ l( U An> U ( U Bn>] € J. Hence (Z,71,72,J) is not

neZg neZ
P-compact.

Theorem 3.8 If (X, 71,72,J) is a pairwise Z -regular and P -compact
space, then (X, 7,72, J) is pairwise Z -normal.

Proof. Suppose that F'is a 7;-closed set, G is a 7;-closed set, with ¢ # j
and F'NG = . For each f € F there are disjoint Uy € 7; and V}; € 7, such
that f € Uy, and G\Vy € J. Given that ¥ C |J Uy and F is P-compact,

feF
there is a finite Fy € F with F\ U Uy e J. lf wedoU = |J Uyand V
fGFo fGFO
= () Vythen F\U € J and G\V = U (G\Vy) € J. Moreover U € 1,

fery feFy
VernandUNV =0. O

We end this section to showing a property of pairwise Z-normality,
related to 7 @ J topologies. Suppose that (X, 7, ) is an ideal space. Let

JeJ
{VUI:V e€7and I € J%}.

j®=’P< U J| be. Note that 7 C J® and that T® J =7 ¢ J® =

Theorem 3.9 If the space (X,7® 7,86 J,J) is pairwise 7 -normal,
then the space (X, 7,3, J%) is pairwise Z -normal. So, if (X, 7® J,B8® J)
is pairwise normal, then (X, 7,3, J%®) is pairwise Z -normal.

Proof. Suppose that F' is 7-closed, G is S-closed and F NG = ). Since
Fis (1 @ J)-closed and G is (8 @ J)-closed, there are disjoint W € 5 & J
and T € 7 ® J such that F\W € J and G\T € J. Now, there exist
{I, b} € J® Wy € Band T} € 7 such that W = Wy UI; and T =
Ty U Iy, Thus (FA\Wi)\I1 € J and (G\T1)\I2 € J, and in this way
{F\Wl,G\Tl} - j®, with WiNTy =0. O

4. Strongly pairwise Z-regular spaces

We recall that a bitopological space (X, 71, 72) is strongly pairwise regular
[4] if for each i € {1,2}, if F is m-closed and = € X\F, then there are
disjoint V' € 7; and U € 75, with j # 4, such that F' C int,,(U) and z € V.
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Our purpose for this section is to present a generalization of this concept
through ideals.

Definition 4.1 The ideal bitopological space (X, 71,72, J) is said to be
strongly pairwise Z -regular if for each i € {1,2}, if F' is 1-closed and z
€ X\F, then there are disjoint V € 7; and U € 7;, with j # 4, such that
F\int,(U) € J and x € V.

Example 4.2 1) The space (R,C, L, J), where J is the ideal of all upper
bounded subsets of R, is strongly pairwise Z-regular, because:

a) If Fis C-closed and a € R\F, there is a @ < a such that («a,00) C R\ F.
If we do U = (25%,00) and V = (—o00,24%), then U € C,V € L, a € U,
F\inte(V)=F € Jand UNV = 0.

b) If F'is L-closed and a € R\ F, there exists b > a such that F' C R\ [a, b).
If wedo U = (b,00) and V = [a,b), then U € C,V € L, a € V, F\int, (U)
=F\Ue€JandUNV = 0.

However, the space (R, C, £) is not strongly pairwise regular since there
are no disjoint U € £ and V € C such that (—o0,0] C intc (U) and 1 € V.
2) Suppose that X = {0,1,2,3,4}, 7 = {0, X,{0,1,2},{2,3,4},{2}},
B =1{0,X,{3},{0,1},{0,1,3}} and J = {90, {3},{4},{3,4}}, then it is
easy to check that (X, 7, 3,J) is a pairwise Z-regular space. On the other
hand, this space is not strongly pairwise Z-regular given that G = {0, 1, 2,4}
is a B-closed set and 3 € X\G,butif U e 7,V € 3,3 Vand UNV =0,
then the only options are as follows:

a) U =0 and V = {3}, or U = @ and V = {0,1,3}. In this cases
G\intg(U) =G ¢ J.

b) U ={0,1,2} and V = {3}. In this case G\intg(U) = {2,4} ¢ J.
c)U={2and V = {3}, or U = {2} and V = {0,1,3}. In this cases
G\intg(U) =G ¢ J.

Thus we have the following diagram, where all the implications are not
revertible.
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Strongly pairwise regular = Pairwise regular
Strongly pairwise T-regular Pairwise I-regular

A couple of characterizations of strongly pairwise Z-regular spaces will
be shown in the next two theorems.

Theorem 4.3 The space (X, 71,72, J) is strongly pairwise Z -regular if,
and only if, for each i € {1,2} , U € 7y , and © € U , there are W € 7; and
X\C € 7j , with j # ¢ , such that z € W C C' and adh,, (C)\U € J .

Proof. (—) Suppose that i € {1,2}, U € 7; and « € U. Since (X, 71,72, J)
is strongly pairwise Z-regular, there are disjoint sets W € 7; and V' € 7,
with ¢ # j, such that x € W and (X\U) \int,, (V) € J. Thus W C X\V
and adh., (X\V)\U = (X\U) \int, (V) € J.

(<) Suppose that ¢ € {1,2}, X\F € 7; and z € X\F. Our hypothesis
implies that, if j # 4, there are W € 7; and X\C € 7; such that z ¢ W C C
and adh, (C)\ (X\F) € J. So, F\int,, (X\C) € J and WN (X\C) = O.
O

Theorem 4.4 The space (X, 71,72, J) is strongly pairwise Z -regular if,
and only if, for each i € {1,2} , U € 7, , and ¢ € U , thereisa W € 7;

such that z € W and adh, (athj (W)) \U € J , where j #1i .

Proof. (—) Suppose that (X, 71,79, J) is strongly pairwise Z-regular, i
€ {1,2}, U € 7; and = € U. By Theorem 4.3, there are W € 7; and
X\C € 7j, with j # 4, such that z € W C C and adh,, (C)\U € J.
Since adh., (W) C C then adh., (athj (W)) C adh,, (C). Consequently
adhs, (adhr, (W))\U € J.

() Ifie{1,2}, X\F €7 and x € X\F, then there is a W € 7; such
that x € W and adh, (athj (W)) \ (X\F) € J. Hence F\int., (X\athj (W))


pc
graf-1



438 Néstor Raul Pachon Rubiano

€ J. Moreover W N (X\athj (W)) = ¢. In this way (X, 71,72,J) is a
strongly pairwise Z-regular space. O

Here a relationship between strongly pairwise Z-regularity and com-
pactness.

Theorem 4.5 If the space (X, 7,72, J) is strongly pairwise Z -regular
then, for all 7 € {1,2} ,if X\F € 7; and K is compact in (X, 7;) , with
FNK =@, then there are disjoint W € 7; and V € 7; , with j # i , such
that K C W and F\int,, (V) € J .

Proof. Suppose that ¢ € {1,2}, X\F € 7;, K is compact in (X,7;) and
FNK =@. For each x € K, there are disjoint W, € 7; and V, € 75, with
J # i, such that x € W, and F\int,, (V;) € J. Given that K is compact

in (X, 7;), there is a finite Ko C K such that K CW = |J W,. If we do
€Ky
V= Vethen VAW =0 and F\int,, (V)= U (F\int,, (V;)) € J.
z€Kp z€Ko

Next three theorems show us some functional properties of strongly
pairwise Z-regular spaces.

Theorem 4.6 If for each i € {1,2} the function f : (X, r) — (Y,5;) is
continuous, open, closed and surjective, and if (X, 71,72, J) is strongly
pairwise Z -regular, then the space (Y, /1,82, f(J)) is strongly pairwise
7 -regular.

Proof. If i € {1,2}, Y\G € B; and b = f(a) € Y\G then there are J
€ J and disjoint W € 7 and V € 7, with j # 4, such that a € W and
Y G)\int,, (V) = J. If we do T = int,, (V)UJ, then f~1(G) C T and
50 G C Y\ (X\T) = Y\f [adhy, (X\V)\J] € Y\ [f (adhs, (X\V) \f ()
= [Y\f (adhr (XAV))U £ (J) = [Y\adhg, (f (X\V))]U f (J), because [ :
(X, ) — (Y, B;) is closed and continuous. In this way G\intg, [Y'\ f (X\V)]
C f(J). Thus G\intg, [Y\f(X\V)] € f(J). Furthermore, since W C
X\V, we have that Y\ f [X\V] CY\f (W), and so f (W)N[Y\f[X\V]] =
0. O

Theorem 4.7 If f : (X, 71,72) — (Y, 51,02) is pairwise perfect, and if £
is an ideal in Y such that (X, 7,7,Z¢ ) is a strongly pairwise Z -regular
space, then (Y, 1, 82, £) is strongly pairwise Z -regular.
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Proof. Suppose that i € {1,2}, Y\G € §; and b € Y\G. Since, in (X, 1),
f~1({b}) is compact and f~!(G) is closed, and f~1 ({b}) N f~1(G) = g,
there are disjoint W € 7; and V' € 7, with j # 4, such that f~ ({b}) C W
and f~1(G) \int,, (V) € Iy, by Theorem 4.5. Hence b € Y\ f (X\W) and
there is a L € £ such that f~1(G) \int,, (V) C f~!(L). Proceeding as in
the proof of Theorem 2.10, we obtain that G\ [Y'\ f(X \int., (V))] C L. But
Y\F(X\ints, (V)) = Y\ (adhs, (X\V)) = Y\adhg, (f (X\V)), because f
is continuous and closed. Thus Y\ f(X\int,, (V)) = int, (Y\f (X\V)) and
so G\intg, (Y\f (X\V)) € L. Finally, given that f is surjective and W NV
= ), we have that [Y\f (X\W)]|N[Y\f (X\V)] =0. O

Theorem 4.8 If for each ¢ € {1,2} we have that f : (X,7;) — (Y,5;) is
a continuous, closed and injective function, and if (Y, 51, 82, £) 1is strongly
pairwise 7 -regular, then the space (X,71, 72, f *1(5)) is strongly pairwise
7 -regular.

Proof. Suppose that i € {1,2}, F' is a 7;-closed set and that a € X\F.
Given that f(a) ¢ f(F) and f(F) is f-closed, there are disjoint W € f;
and T' € f3;, where j # 4, such that f(a) € W and f(F)\intg, (T) € L.
This implies that a € f=1 (W), F\f~! (intg,(T)) € f~1(L), f1(W) €
7y [7HT) € 75 and fL (W) N f7H(T) = @. Moreover, given that f
is continuous we have that F\int,, (f~1(T)) C F\f~! (intg,(T)), and so
Fhint, (f71(T)) € f1(£). O

We end this section by examining the products of strongly pairwise
Z-regular spaces.

Theorem 4.9 If (X, 71,7,7) and (Y, (1, 52,L) are strongly pairwise Z
-regular spaces, then (X XY, u1, pe, J ® L) is strongly pairwise Z-regular,
where pu; = 7; X 5; , for each i € {1,2} .

Proof. Suppose that i € {1,2}, W € 7, x 5; and (a,b) € W. There are U €
7; and V' € fB; such that (a,b) € U x V C W. Now, by Theorem 4.4, there

are Uy € 7; and Vj € 3;, such that a € Uy, b € Vi, adh., (ath]. (Ul)) \UeJ
and adhy, (adhg, (V1)) \V € £, where j # i. Let J = adhs, (adhy, (U1)) \U
and L = adhg, (adhg, (Vi) \V .

So adhy,, (adhy, (Ur x Vi) ) \W C adhy, (adh,, (Uy x Vi) \ (U x V) =
[J X adhg, (adhgj (Vl))} U {adhn (athj (Ul)) X L}, and in this way we
obtain that adh,, (adhuj (Uy x Vl)) \WeJTe®L.
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Hence Theorem 4.4 implies that (X X Y, p1, po, J ® L) is strongly pair-
wise Z-regular. O

Theorem 4.10 If {(X,, 710, 720, Ja) : @ € A} is a collection of strongly

pairwise Z -regular spaces, then | [[ Xa, 1] 7Tia, II ™a; @ Ja is
a€A aEA a€A a€A

strongly pairwise Z -regular.

Proof. To begin, we define X = [] Xo, 1 = [][ 71a and 72 = [] ™0
a€EA a€EA acA
and J = Q Ja-

acA
Suppose that i € {1,2}, W € 7; and a = (aa)pen € W. There are

{a1,02,...,a,} € A and Vi, € Tia,, for each j € {1,2,...,7}, such that a
T

€N p;jl (Vaj> C W, where p,; is the ay-th projection. If j € {1,2,...,7}
j=1

then a,; € Vy,, and so, by Theorem 4.4, there is a Uy, € Tin; such that
aa; € Us; and adh.,mj (adhfkaj (Ua, )) \Vao,; € Ja,, where k # i. Now, if we

doU = ‘ﬁlp;jl (Ua].) thenU € ;anda € U. If j € {1,2,...,7} we have that
i

adha, () (Uay)) S pat (adhsy, (Ua,)) Spat |adhe,,, (adhs, (Ua,))],

and then adhs, |adhy, (3! (Ua,))| € pat |adhe,, (adhs, (Us,))]

So adhs, (adhs, (U))\W C jﬁl adhy, [adh, (p3} (Ua,))] \jrﬁ1 pat (Vo )
C £ o, (s, (01 P ()

Let A = j(i]l p;jl [adhnaj (athka]_ (Uaj))} \jfi]l p;jl (Vaj) be. Given
that, for each j € {1,2,...,r}, p;jl {adhﬂ.aj (athkaj (Ua])) \Vaj} € J and
AC j@l pa [adhe,, (adhr,, (Ua,))\Va,|. then adhe, [adhy, (U)\W €
J.

Hence (X, 71,72, J) is strongly pairwise Z-regular. O

5. Strongly pairwise Z-normal spaces.

A bitopological space (X, 71, 72) is said to be strongly pairwise normal [4]
if for each 7;-closed set F', each 7j-closed set G, with ¢ # j and FN G
= (), there are disjoint U € 7; and V' € 7; such that F' C int,,(U) and
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G Cintr; (V). Our interest for this section is to introduce a generalization
of this concept, through ideals.

Definition 5.1 The ideal bitopological space (X, 71,72, J) is said to be
strongly pairwise Z -normal if for each 7;-closed set F', each 7j-closed set
G, with ¢ # j and FNG = @, there are disjoint U € 7; and V' € 7; such

that {F\intr, (), G\int.,(V)} € J.

Example 5.1 1) If X = {0,1,2}, 7 = {0, X,{0},{1},{0,1},{0,2}},
g =1{0,X,{0},{2},{0,2},{1,2}} and J = P ({1,2}), then (X,7,5,T)
is a strongly pairwise Z-normal space, because {1,2} \int, ({1,2}) = {2}
and {0} \intg ({0}) = ©,{0,2} \int; ({0,2}) = @ and {1} \intg (O) = {1},
{2} \int; (9) = {2} and {0,1} \intg ({0}) = {1}, {2} \int, (¢) = {2} and
{1} \intg (0) = {1}, {2} \int, (©Q) = {2} and {0} \intg ({0}) = O, and
finally, {1} \int, (@) = {1} and {0} \ints ({0}) = O.

However, the space (X, 7, /) is not strongly pairwise normal, because
if U € f and {1,2} C int; (U), then U = X and so, if V € 7 and
{0} Cintg (V), we have that UNV =V # O.

2) The space (R,C,L,Z¢(R)) is not strongly pairwise Z-normal, because
the set F' = (—o0,0] is C-closed, the set G = [1,00) is L-closed, and if
U € L,V eC are disjoint sets and F'\intc (U) € Zy(R), then we must have
that intc (U) =R and so U =R, V =0 and G\int, (V) = G ¢ Zf(R).

On the other hand, the space (R,C,L,Z;(R)) is pairwise Z-normal
since, if we have a nonempty C-closed set F', and a nonempty L-closed
set G, with F NG = O, then there is a a € R such that F' = (—o0,al.
If we do U = (—o00,a) and V = (a,00) then F\U = {a} € Z;(R) and
G\V=0¢ If(R).

Hence we have the following diagram, where all the implications are not
revertible.



442 Néstor Raul Pachon Rubiano

Strongly pairwize normal Pairwize normal

Strongly pairwize T-normal Pairerise T-normal

Theorem 5.2 If (X, 7,72, J) is a strongly pairwise Z -normal space and
if A is 7-closed, for each i € {1,2} , then (A, (71) 4, (72) 4, J4) is strongly
pairwise Z -normal.

Proof. Suppose that F' is (7;) 4-closed, G is (7;) 4-closed, with i # j and
FNG=0. Given that F' is 7;-closed and G is 7j-closed, there are disjoint

U € 15 and V € 7; such that {F\intﬁ (U),G\int, (V)} C J. Given that
F\int., (U) € A and G\int,; (V) C A, then {F\fmtﬂ. (U),G\int, (V)} C
Ja. But F\int,, (U) = O U [F\int,, (U)] = (F\A) U [F\int,, (U)] =
F\[ANint,, (U)]. Similarly G\int., (V) = G\ [A Nintr, (V)]

Hence {F\ [ANint., (U)],G\ {A Nintr, (V)” C Ja. Now, since AN
intr, (U) Cint(,), (ANU) and ANint,, (V) C int(,,), (ANV), we con-
clude that F\int(,,), (ANU) € Ja and G\int(r,), (ANV) € Jy. O

Here we have some interesting characterizations of strongly pairwise
Z-normality.

Theorem 5.3 For the ideal bitopological space (X, 71,72, J) , the follow-
ing statements are equivalent:

1) (X,711,72,J) is strongly pairwise Z -normal.

2) For each @ # j, if F is 7 -closed, U € 7; and F C U , then
there are W € 7; and a 7; -closed set D such that W C D and

{F\int, (W), adh., (D)\U} C J .
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3) For each ¢ # j, if F is 7 -closed, U € 7; and F C U , then there
exists W € 7; such that {F\int,, (W),adhs, (adhs, (W)\U} € J.

4) For each i # j ,if F is 7; -closed, G is 7j -closed and FNG =0 ,
there is a W € 7; such that {F\int, (W), G N adhs, (adhr, (W)} C J.

Proof.

1) — 2) Suppose that ¢ # j, F'is a 7-closed set, U € 7j and F' C U.
There are disjoint W € 7; and V' € 7; such that F\int, (W) € J and
(X\U)\int, (V) € J. If we do D = X\V then D is 7;-closed, W C D,
adhr; (D)\U = (X\U) \int, (V) € J.

2) — 3) Suppose that ¢ # j, I is 7;-closed, U € 7; and F' C U. There are
W € 75 and X\D € 7; such that W C D and {F\intn (W), adh, (D) \U}
C J. Hence adh,; (adh,; (W)) C adh, (D), and so adh.; (adh,, (W))\U €
J.

3) — 4) This is clear.

4) — 1) If F is a 1j-closed set, G is a ma-closed and F'N G = O, there
is a W € m such that {F\int, (W),G Nadh,, (adh, (W))} C J. Then
G\ (X\adh, (adh., (W))) € J, and so G\int,, (X\adh,, (W)) € J. More-
over W N (X\adh, (W))=0. O

Finally we present some functional properties of strongly pairwise Z-
normality.

Theorem 5.4 Suppose that, for each i € {1,2} , the function f : (X, ;) —
(Y, 3;) is continuous, closed and surjective. If 7 is an ideal in Y and the
space (X, 71,72,Zf.7) is strongly pairwise Z -normal, then (Y, 81, f2, J) is
strongly pairwise Z -normal.

Proof. Suppose that H is a f;-closed set, K is Bj-closed, with i #
jand HN K = @. There are disjoint U € 7; and V' € 7; such that
fH(H) \int,, (U) € I,z and f~! (K)\int,, (V) € Iy, 7. Thereisa J € J

such that

Y (H)\int,, (U) C f~1(J). Hence f~1 (H\J) C int,, (U), X \int,, (U) C
FH(X\H)U ), f(X\int,, (U)) € (X\H)UJ,andso H C [Y\f (X\int,, (U))]JU
J or, equivalently, H C [Y'\ f (adh,, (X\U))] U J. But adhg, (f (X\U)) =

f (adh., (X\U)), since f: (X, 7;) — (Y, ;) is continuous and closed.
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Thus H C [Y\adhg, (f (X\U)))]UJ, andso H C [ints, (Y\f ((X\U)))]U
J. If we do W =Y\ f(X\U) then H\intg, (W) € J. Similarly, if we do
T = Y\f(X\V) then K\intg (T) € J. Given that f is surjective and
UNV =@, we have that W and T are disjoint sets.

Consequently (Y, 81, B2, J) is a strongly pairwise Z-normal space. O

Theorem 5.5 Suppose that, for each i € {1,2} , the function f: (X, 7;) —
(Y, ;) is one to one, continuous and closed. If the space (Y, f1,052,L) is
strongly pairwise Z -normal, then (X, 71,72, f -1 (L)) is strongly pairwise
7 -normal.

Proof. Suppose that F'is 7;-closed, G is 7j-closed, with i = j and FNG =
@. There are disjoint W € ; and T' € §; such that f (F) \intg, (W) € L
and f(G)\intg, (T) € L. This implies that F\f~* (intg, (W)) € f~* (L)
and G\ 1 (intg, (1)) € f1(£).

But f 1 (ints, (W) Cinty, (f~1 (W) and f* (intg, (T)) Cintr, (£ (1)),
and so {F\im‘n (f7t (W), G\int., (f~* (T))} C f~Y(L£). On the other
hand, f~1 (W) € Tjs fFHUT) €rand fFHW)NfHT)=¢. O
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