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Abstract: In this paper we introduce two new ideal topological spaces, which are strong
forms of the QHC spaces and the pZ -QHC spaces. We present several properties and char-

acterizatios of these new spaces.
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1. Introduction and Preliminaries

The author has introduced the pZ-compact and the oZ-compact spaces, as well
as the pZ-QHC and the pC(Z)-compact spaces. With the same spirit, in this
article we define and study two new ideal topological spaces, and we establish
relationships between these spaces and those initially mentioned, as well as the
compact spaces, C-compact spaces and QHC spaces.

An ideal 7 in a set X is a subset of P(X), the power set of X, such that:
(1)if ACBC X and B€Zthen A€ Z,and (i3) If A € Z and B € T then
AUB e T.

Some useful ideals in X are: (i) P(A), where A C X, (ii) Zy (X), the ideal of
all finite subsets of X, (i1i) Z. (X), the ideal of all countable subsets of X, (iv)
Z, (X, 7), the ideal of all nowhere dense subsets in a topological space (X,7).
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If (X,7) is a topological space and Z is an ideal in X, then (X,7,7) is called
an ideal space.

If (X,7,7) is an ideal space then the set B={U\I:U € 7 and I €T} is
a base for a topology 7%, finer than 7.

If (X,7) is a topological space and A C X then the closure and the interior

0
of A are denoted by A (or adh (A), or adh, (A)) and A (or int(A), or int, (A)),
respectively.
If (X,7) is a space and A C X then A is said to be: (1) regular open if

9 0 9
A = A, (2) regular closed if A = A, (3) pre-open [3] if A C A, (4) a-open [5]
0

0
if A C A. The set of all preopen subsets of X is denoted by PO(X). Observe
that open = a-open = pre-open.

Moreover, if Z is an ideal in X and ZN71 = {@}, T is called codense [1]. If
INPO(X) = {2} then 7 is said to be completely codense [1].

A topological space (X,7) is said to be: (1) quasi-H-closed, or simply QHC
[8], if for each open cover {V,},cp of X, there exists Ag C A, finite, with
X= U Va
aENo
(2) C-compact [10] if for each F' C X, closed, and each open cover {V,}

of F, there exists Ag C A, finite, with FF C |J V.
aclNo
An ideal space (X,7,7) is defined to be:
(1) Z-compact [4] if for all open cover {V4},cp of X, there exists Ag C A,

finite, such that X\ |J V, €Z.
aclMg
(2) Z-QHC [2] if for all open cover {V4},cp of X, there exists Ag C A,

finite, such that X\ |J V, € Z.
aENo

a€eN

(3) pI-compact [6] if for each family {V,},cp of open subsets of X, if

X\ U Va € T there exists Ag C A, finite, with X\ |J V, € 7.
a€eA a€lo
(4) 0Z-compact [6] if for each nonempty family {V4},c, of nonempty open

subsets of X, if X\ |J Vi € T there exists Ag C A, finite, with X C |J V,.
acN aclAo

2. 0Z-QHC Spaces

The Z-QHC spaces are due to Gupta-Noiri [2], and these are generalizations of
the QHC spaces of Porter-Thomas [8]. In this section we define the ¢Z-QHC
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spaces, which are other strong form of Z-QHC spaces. We study some of its
properties and characterizations.
We recall that if (X, 7,7) is an ideal space and A C X, then A is said to be

pZ-QHC [7] if for all family {V4},c, of open subsets of X, if A\ |J V,, € Z,
acA
there exists Ag C A, finite, with A\ |J Vo € Z. The ideal space (X, 7,7) is
aENo

said to be pZ-QHC if X is pZ-QHC.

Definition 2.1 If (X, 7,7) is an ideal space and A C X, then A is said to
be 0Z-QHC if for all nonempty family {V,} ., of nonempty open subsets of
X, if A\ U V. € Z, there exists Ag C A, finite, with A C |J V,. The ideal

aEN ac€Ao
space (X, 7,7) is said to be ¢Z-QHC if X is 0Z-QHC.

Note that if (X, 7,7) is 0Z-QHC and ) is a topology in X, with A C 7, then
(X, A\, 1) is oZ-QHC.

Moreover it is clear that (X,7,{9}) is 0 {@}-QHC= (X, 1,{@}) is {@}-
QHCe (X, 7,{9}) is p{@}-QHCE (X, 1) is QHC.

It is also evident that ¢Z-QHC = pZ-QHC and ¢Z-QHC = QHC. The

converse, in general, are not true.

Example 2.1 (1) If ¢ is the usual topology on R and if Z = P(R), then
the space (R,U,Z) is pZ-QHC, but (R,U,Z) is not cZ-QHC.

This implies that, in general, pZ-QHC % ¢Z-QHC.

(2) We denote by 27 the set of even integers, and by 2Z + 1 the set of
odd integers. Let 7 the topology on Z given by: If V C Z then V € 7 &
(f0€V then 2Z C V,andif 1 € V then 2Z+1 CV]. Let T = P[(2Z+ 1)
U{0}]. We know that (Z,7) is a QHC space and that (Z,,Z) is not pZ-QHC
[7]. Hence (Z,7,Z) is not cZ-QHC.

(3) Suppose that X = RT, 7 = {&, X, X\Z*} U {V,, : n € Z*}, where V,

n—1

= U (k,k+1),and T = {4: AC(0,1)}. Then the ideal space (X, 7,Z) is

k=0
oZ-QHC. In fact, if {W4},c, is a nonempty family of nonempty open subsets
of X with X\ |J W, € Z, then there exists ag € A such that 1 € W,,, and so

aeA
W = X.

We can easily see that each closed and open subset of a ¢Z-QHC space is
cZ-QHC.

Now we present some characterizations of 0Z-QHC spaces. The proof is
similar to Theorems 3.2 and 3.3, so we omit it.



280 N.R. Pachén R.

Theorem 2.1 For an ideal space (X,7,T), the following statements are
equivalents:

(1) (X,7,Z) is oZ-QHC.

(2) For each nonempty family {Fu} cp of closed subsets of X, with Fp, # X

0
for each a € A, if (| Fo € I, there exists Ao C A, finite, such that (| F, =
acA aclMo
.

(3) For each nonempty family {Fa},cp of closed subsets of X, with Fo, # X

0
for each o € A, if {Fa Ta € A} has the finite intersection property, then

N ¢t
acl
(4) For each nonempty family {Va},cpn of nonempty regular open subsets

of X, if X\ U Vi €Z, there is Ay C A, finite, such that X = |J V.
aEN acho
(5) For each nonempty family {Fo} e of reqular closed subsets of X, with

Fy, # X for each a € A, if (| Fo € Z, there is Ag C A, finite, such that
€A
0 o
N F.=9.
aclMg
(6) For each nonempty family {Fy} cp of reqular closed sets, with Fo, # X

0
for each o € A, if {Fa Ta € A} has the finite-intersection property, then

N F.¢T.

acA
(7) For each open filter base Q on X, if Q C P(X)\ {2} one has N V ¢
VeQ

7.

A result in [9] implies that if (X, 7) is a topological space and Z is a com-
pletely codense ideal in X, then (X, 7) and (X, 7*) have the same regular open
subsets, and adh; (V') = adh.« (V), for all V' € 7*. Then the following result is
clear.

Theorem 2.2 If 7T is a completely codense ideal in X, the space (X, 7,7)
is 0Z-QHC if and only if (X,7*,7) is 0Z-QHC.

In the Theorem 2.4 we review the behavior of ¢Z-QHC spaces under con-
tinuous or open functions. In his proof we use the following lemma, which is
due to Newcomb [4].

Lema 2.3 [Newcomb] Suppose that (X, 7) and (Y, 3) are topological spaces
and that f: X —Y is a function. Then:
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(1) If T is an ideal in X, we have that f(Z)={f(I):1 € L} is an ideal in
Y.

(2) If f is inyective and J is an ideal in Y, we have that the set f~1(J) =
{f~YJ):J € T} is an ideal on X.

Theorem 2.4 (1) If (X,7,Z) is 0Z-QHC and f : (X,7) — (Y,5) is a
biyective continuous function, then (Y, 5, f(I)) is o f(Z)-QHC.

(2) If (X,7,Z) is cZ-QHC, f : (X,7) — (Y, B) is a sobreyective and contin-
wous function and if J ={V CY : f~1(V) €1}, then (Y,5,7) is 0 J-QHC.

(3) If (Y,5,T) is oJ-QHC and f: (X, 7) — (Y, ) is a biyective and open
function, then (X, 7, f~H(7)) is of ~1(J)-QHC.

(4) If (X, 7,Z) is cZ-QHC, f: (X,7) = (Y,5) is a sobreyective and con-
tinuous function, and if J is an ideal on' Y with {f~'(J):J € J} C I, then
(Y, 5,7) is cJ-QHC.

(5) If (Y,B8,T) is cJ-QHC, f : (X,7) — (Y,p) is a biyective and open
function, and if T is an ideal on X with f(Z) C J, then (X,7,T) is cZ-QHC.

Proof. (1) Suppose that {Wy,},ca is a nonempty family of nonempty open

subsets of Y with Y\ |J W, € f(Z). There exists I € Z such that Y\ |J W,
aEA acA

=f(I). Since X\ J f7*Wa)=f1(f(I))=1€Tand (X,7,ZI)is cI-QHC,
a€eN

there exists Ag C A, finite, with X = |J f~1(W,). Given that f is sobreyective

aENo
and continuous, Y = |J f (f_l(Wa)> C U f(ftW,) = U W, and
aEMg aElg a€lo
soY = |J W,
aENo

(2) It is simple to see that J is an ideal in Y. Suppose that {Wy},cx

is a nonempty family of nonempty open subsets of Y with Y\ | W, € J.
acA

Since X\ |J f71(W,) = f1 (Y\ U Wa) € 7, there exists Ag C A, finite,
acl acA

with X = | f~1(W,). Given that f is sobreyective and continuous, ¥ =
aclMg

U F(FT))c U T W) = U Wa,andsoY = U Wa
aclMg aclMg aclNo aclNo
(3) Suppose that {V,},c, is a nonempty family of nonempty open subsets

of X, with X\ U Va € f71(J). There exists J € J such that X\ |J V, =
acl a€A

f~1(J). Then Y\ U f(Va) = J, and given that (Y,(,J) is 0 J-QHC, there
acA
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is Ag C A, finite, with Y = |J f(V,). Given that f is open and biyective,
aENg

[ is closed, and this implies f (Va) C f(Va), for each o € Ag. Hence Y =

U f0Va)=f U Va)],and then X = |J Va.

aclp aElg a€log

(4) Tt is similar to (2).

(5) Since f is inyective, Z = f~!(f(Z)). Moreover, if (Y,3,J) is 0 J-QHC
then (Y, (3, f(Z)) is o f(Z)-QHC. It is enough now to apply (3).

We end this section by presenting a characterization of 6Z-QHC spaces, in
terms of pre-open and a-open subsets. The proof is similar to that of Theorem
3.7.

Theorem 2.5 If (X,7,7) is an ideal space, the following statements are
equivalents:

(1) (X,7,2) is cZ-QHC.

(2) For each nonempty family {Vo},cpn of nonempty pre-open subsets of

X, if X\ U Vi € T then there exists Ao C A, finite, with X = |J V,.
aEA acho
(3) For each nonempty family {Va},cp of nonempty a-open subsets of X,

if X\ U Va € T then there exists Ao C A, finite, with X = |J V.
acN aENg

3. 0C(Z)-Compact Spaces

The concept of C(Z)-compactness is due to Gupta-Noiri, and this is a gener-
alization of C-compactness of Viglino. In this section we introduce and study
the oC (T)-compact spaces, which are other strong form of C(Z)-compactness.
We present some of its properties and characterizations.

An ideal space (X,7,7) is said to be: (1) C(Z)-compact [2] if for each F' C
X, closed, and each open cover {V,} ., of F, there exists Ag C A, finite, with
F\ U VaeZ

aclNo
(2) pC(Z)-compact [7] if for each closed subset F' of X, and each family
{Va}aen of open subsets of X such that I\ |J Vi € Z, there exists Ag C A,
a€gl
finite, with F\ | V, € Z.
aclMg
Observe that C-compact = QHC, pC(Z)compact = C(Z)-compact = Z-

QHC and that if (X, 7) is C-compact then (X, 7,7) is C(Z)-compact.
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Definition 3.1 The ideal space (X, 7,7) is defined to be 0 C(Z )-compact if
for each closed subset F' of X, and each nonempty family {V,},c, of nonempty

open subsets of X such that F'\ |J Vi, € Z, there exists Ag C A, finite, with F
a€eN

c U Va
aclNo
Note that if (X, 7,7) is cC(Z)-compact and A is a topology in X, with A C 7,
then (X, \,Z) is 0C(Z)-compact. En particular, if (X,7*,7) is 0C(Z)-compact
then (X, 7,7) is 0C(Z)-compact.
It is also clear that:
) (X, 1) is C-compact < (X, 7,{@}) is cC({@})-compact < (X, 7,{2})
{@})-compacts (X, 1,{2}) is pC({@})-compact.
2) 0C(Z)-compact = oZ-QHC.
3) 0C(Z)-compact = C-compact.
) 0C(Z)-compact = pC(Z)-compact.
These implications are, in general, irreversible.

(1
is C(
(
(
(4

Example 3.1 (1) The space (R,U,Z = P(R)) of the Example 2.1 is pC(Z)-
compact. However, given that this space is not cZ-QHC, we have that (R,U,Z)
is not 0C(Z)-compact. Hence, in general, pC(Z)-compact # cC(Z)-compact.

(2) We consider again the ideal space (Z,7,Z) of the Example 2.1. We know
that (Z,7) is C-compact but (Z,7,Z) is not pZ-QHC [7]. Thus (Z,7,Z) is not
0C(Z)-compact.

Thus, in general, C-compact+ oC(Z)-compact.

(3) Let U be the usual topology on X = [0,1]. Let F = {1/n:n € Z"}.
We consider the topology U* on X generated by U U {X\F'}. A base for U* is
B=UU{V\F:V eU}. We know that (X,U*) is QHC but is not C-compact
[7]. Hence (X,U*,{@}) is 0 {@}-QHC but is not cC({@})-compact.

Then, in general, cZ-QHC= oC(Z)-compact.

Theorem 3.1 If the space (X, 1,7) is cZ-compact then (X, 7,Z) is 0 C(T)-
compact.
Proof. Suppose that K is a closed subset of X, and that {V,},c, is a
nonempty family of nonempty open subsets of X with K\ (J V, € Z, this is,
acl

X\ [(X\K) Uy Va} € Z. By hypothesis, there exists Ag C A, finite, such
acA
that X = (X\K)U U Vpyandso K C U Vo C U Va.

acNo IS a€lo

The converse of this theorem, in general, is not true as we can see in the
following example.
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Example 3.2 If C = {&,R} U {(r,4+00) : r € R}, then is easy to see that
the space (R,C,Z = P ((—o0,0])) is 0C(Z)-compact, but is not ¢Z-compact.

In consecuense, we have the next diagram.

Compact C — Compact QHC

Z — Compact C(T) — Compact ——— T — QHC

pZ — Compact ——— > pC(Z) — Compact ———— > pT — QHC

oZ — Compact ——— oC(Z) — Compact ———— > 07 — QHC

Compact

C — Compact QHC

The first characterizations of o¢C(Z)-compactness are presented immedi-
ately.

Theorem 3.2 For an ideal space (X,7,T), the following statements are
equivalents:

(1) (X,71,7) is o C(T)-compact.

(2) For each FCX, closed, and each nonempty family {Fy},cp of closed

sets, with Fy # X for each o € A, if () (FNFE,) € Z, there exists Ay C A,
acl

0
finite, such that (| (FNF,)=@.
aclMg
(3) For all FCX, closed, and each nonempty family {Fu},cp of closed

0
subsets of X, with Fy, # X for each a € A, if {FﬂFa : a € A} has the

finite-intersection property, then we have that
N(FNE) ¢
a€el

(4) For each FCX, closed, and each nonempty family {Va},ca of nonempty
reqular open subsets of X, if F\ |J Va € Z, there is A9 C A, finite, such that

acl

FC U Va

aENo

(5) For all FCX, closed, and each nonempty family {Fu},cp of regular
closed sets, with F, # X for each a € A, if () (FNF,) € Z, there is Ag C A,

a€el
0
finite, such that (| (FNF,)=@.
aENo
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(6) For each FCX, closed, and each nonempty family {Fu},cp of regular
0
closed subsets of X, with F, # X for each a € A, if SFNF,y:a€ A} has the

finite-intersection property, then () (FNFE,) ¢ Z.
aeA

Proof. The implications (1)=-(2), (2)=-(3), (5)=(6) are easy to be estab-
lished.

(3)=(4) Let F a closed subset of X and {V,},c, a nonempty family of
nonempty regular open subsets of X with F\ |J V, € Z, or equivalently,

acA
N (FN(X\V,)) € Z.
acA
Then, by hypothesis, the family {F Nint (X\V,) : @ € A} has no the finite-

intersection property, and so there exists Ag C A, finite, with () (Fnint(X\V4))
aclMg

=@, thisis, F C |J Va.
aclMg
(4)=(5) It is sufficient to note that the complement of a regular closed
subset of X is regular open.
(6)=(1) Let F a closed subset of X and {V4},c, a nonempty family of

nonempty open subsets of X with F\ |J V, € Z, that is, [ (FN(X\Va)) €
aEN acl

Z. Since int (X\V,) C X\V,, for all @ € A, we have that ) (F N int(X\Va))

aeA
eT.
But int (X\V,) is regular closed, for all « € A. By hypothesis, there exists
Ao C A, finite, such that [ (Fﬂint (int(X\Va)>> =g,and so ] (FN

a€lg L a€lo
int(X\V,)) = @, that is, F C |J V,.

aENg

Here we have other characterization of 0C(Z)-compactness using open filter
bases.

Theorem 3.3 The ideal space (X, 7,Z) is o C(ZI)-compact if and only if,
for each F C X, closed, and each open filter base Q on X, if {FNV :V € Q}

C P(X)\ {2} then one has (| VNF ¢ T.
VeQ

Proof. (=) Suppose that (X, 7,Z) is 0C(Z)-compact and that there are F
C X, closed, and an open filter base Q2 on X such that V N F # &, for each V

€Q,and N VNFeT.
VeQ
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Since F\ |J (X\V) € Z, there is {V1,V,...,Vo,} C Q with F C |J X\V;
VeQ i=1

0 n n
= U (X\VZ) C U (X\V;) = X\ N Vi. But there exists W € Q with W C
i=1 i=1 i=1

Vi, and so F C X\W, this is, FNW = &, absurd.
i=1

(<) Suppose that (X,7,Z) is not 0C(Z)-compact. There exist F' C X,
closed, and a nonempty family {V,},c, of nonempty open subsets of X, such

that F\ | Va € Z,but F € |J Va, for each Ag C A, finite. In particular, for
acN aENg

all a € A, F ¢ V,. We may assume that {V,},., is closed for finite unions,
because otherwise we can replace {V,},c by the family of all finite unions of
elements in {Vo},cn-
Then the set B = {X\E ta € A} is an open filter base on X, and F' N
(X \E) # &, for each o € A. The hypothesis implies that () (F N F) ¢ T,
BeB

—— - 0
this is, ) [X\E N F] ¢ 7. But for each a € A, X\V, = X\V; C X\V,, and
aeA
so I\ U Vo= (N [(X\Va) N F] ¢ 7, contradiction.

a€A a€eA

In the following theorem we review the behavior of oC(Z)-compact spaces
under continuous or open functions.

Theorem 3.4 (1) If (X,7,Z) is a 0 C(ZI)-compact space and if f:(X,T)
— (Y, B) is a continuous and biyective function, then (Y, B, f (Z)) is c C(f((Z))-
compact.

(2) If (X,7,Z) is a 0 C(T)-compact ideal space, f : (X,7) = (Y,5) is a
continuous and sobreyective function and if J = {V CY:fH(vV)e I}, then
Y, 8,7) is o C(J )-compact.

(3) If (Y,5,T) is cC(J )-compact and if f: (X,7) — (Y,5) is an open
and biyective function, then (X, 7,1 (7)) is cC(f~'(J))-compact.

(4) If (X,7,T) is 0C(T)-compact, f:(X,7) — (Y, ) is a sobreyective and
continuous function, and if J is an ideal on Y with {f~'(J):Je€ J} C I,
then (Y, B8,7) is o C(J )-compact.

(5) If (Y,B8,T) is oC(J)-compact, f: (X,7) = (Y,[) is a biyective and
open function, and if T is an ideal on X with f(Z) C J, then (X,7,Z) is
o C(Z)-compact.

Proof. (1) Let B CY, closed, and {V4},c @ nonempty family of nonempty
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open subsets of Y, with B\ |J Vi, € f(Z). There exists I € Z such that

a€cl

B\ UAV = f().

[e7S]

Since f~1(B)\ U f~1(Va) = f~1(f(I)) = I € T, there exists Ag C A,

acA
finite, with f~'(B)YC U f(Va)C U f~ (Vo) = f_l(Uva>.Thus
a€No a€No aclNo
BC | V.
aclMo

(2) It is simple to see that J is an ideal on Y. Suppose that B C Y is
closed and that {V4},c, is a nonempty family of nonempty open subsets of Y,

with B\ |J Vi € J.
aeA

Given that f~1(B)\ U f1(Vh) = f7! (B\ U Va> € Z, there exists Ag

aeA acA

C A, finite, with f~1(B) C | f~ 1 (Va) C g\ fl(Va)—J“(U va)

acAo a€lo

Hence B C |J V,, because f is sobreyective,
aclNo

(3) Note that since f is biyective and open then f is closed. Suppose
that A C X is closed and that {V,},c, is a nonempty family of nonempty

open subsets of X, with A\ |J Vo € f~1(J). There exists J € J such that
acl

A\ U Vo= 17 () andso F(AN\ U F06) = £ (A\ U V) = £ (77 ()
= 5 € J. Since f(A) is closed 1naY there is Ag C A finite, with f(A) C

)
U f(Va). Given that f is closed, f (Vo) C f (Va) for all o € Ag, and so f(A)

acMg

c U f(ﬁ):f(U K).ThenAg U Ve

a€Mg aclo aENo
(4) It is similar to (2).
(5) Since f is inyective, Z = f~1(f(Z)). Moreover, if (Y,8,J) is cC(J)-
compact then (Y, 0, f(Z)) is 0C(f(Z))-compact. It is enough now to apply
(3).

Definition 3.2 If (X, 7,7) is an ideal space and A C X, A is said to be
oC (Z)-compact if for each F' C A, closed in A, and for each nonempty family

{Va}qaen of nonempty open subsets of X, if F'\ |J V,, € Z, there exists Ag C
acA
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A, finite, with F C |J V.

aENo

Example 3.3 If C = {&,R} U {(r,+00) : r € R} and if 7 is any ideal in R,
then is easy to see that, in the space (R,C,Z), all subset A is 0C(Z)-compact.
More generally, if (X, 7) is a topological space such that, for each V € 7\ {&},
V = X, and if T is any ideal in X, then each A C X is 0C(Z)-compact in
(X,7,7).

Theorem 3.5 1) If (X,7,Z) is 0C(Z)-compact and A C X is closed, then
A is 0C(T)-compact.

2) If (X,7,Z) is an ideal space and Ay C X and As C X are cC(Z)-compact
then Ay U As is 0C(T)-compact.

Proof. 1) Tt is clear because if B is closed in A, then B is closed in X.
2) Suppose that B is closed in A; U Ay, and that {V,},c, is a nonempty

family of nonempty open subsets of X with B\ |J V, € Z. There exists G C
acl
X, closed, such that B = (A1 UA2) NG = (A1 NG)U (A2NG). Since 4, NG

is closed in A; and (4, NG)\ U Va € Z, for each i € {1,2}, there exists A; C

aEA
A, finite, with A, NG C |J Vi, for each i € {1,2}.
OtEAi
Thus ;NG C |J Va,andso (A;UA)NG C  |J V,, thisis, B
L acA1UA2 a€A1UA2
c U Va
a€AN1UA2

Now we present an additional characterization of 0C(Z)- compactness.

Definition 3.3 If (X,7,Z) is an ideal space and Y C X, then Y is closure
o C(ZL)-compact if for all K C Y, closed in Y, and all nonempty family {Va},ca
of nonempty open subsets of X, if K\ |J Vi, € Z, there exists Ag C A, finite,

acl
with K C |J adhr, (Vo NY).

aclMg

Example 3.4 Let U the usual topology for X = [0,1], Y = (0,1] and K C
Y, closed in Y.
(i) Suppose that {Vo},ca is a U-open cover of K. Since K is compact in

X, there exists Ag C A, finite, with K € |J V,, andso K C |J (Kﬁ Y).
aclMg a€No

But, for all a € Ag, adhy, (Vo NY) =V,NYNY =V,NY, because Y is open
in (X,U). Therefore Y is closure ocC({@})-compact.
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(79) Y is not oC({@})-compact, because Y C |J (r,1], but if 0 < r <
0<r<1

n _____ n
rg < .-+ <1, <1lthenY SZ U (ri, 1] = U [rs, 1] = [r1,1].
i=1 i=1

It is simple to see that if A is closure 0C(Z)-compact in the space (X, 3,7),
and 7 is a topology on X with 7 C 3, then A is closure ¢C(Z)-compact in the
space (X, 7,7).

Theorem 3.6 The ideal space (X,7,Z) is o C(Z)-compact if and only if
each Y € 7 is closure o C(T)-compact.
Proof. (=) Suppose that (X,7,7) is 0C(Z)-compact and that Y € 7.

Let K C Y, closed in Y, and {V,},c, a nonempty family of nonempty

open subsets of X with K\ |J V, € Z. Since K is closed in X and (X,7,7)
acl
is ¢C(Z)-compact, there exists Ag C A, finite, with K C |J V4, and so K C
aENo
U Va. Given that Y is open in X, adh,, (Vo NY) =V,NY, for all @ € Ay.

aENo

But K€ J (VanY)= U adh,, (VonY).

aclMo IS

(<) Suppose that F' is closed in X, and that {V,}c, is a nonempty family

of nonempty open subsets of X with F\ |J V, € Z. Let agp € A. Theset Y =
a€el

X\Vq, is open in X and FNY is closed in Y.

Since FNY C F we have that FNY\ |J V, € Z. Now,

acA
FNY\ U Va=FnY\ U V, Thus there exists Ag C A\ {ap}, finite,
ach aceA\{ao}
such that FNY C |J adh (Vo NY). Given that Y is open, adh, (Vo NY)
aENo

=VoNY CV,,andso FNY C |J Va, thisis F\V,, € | Va. Hence F C
. - a€No aelo

Voo U U Vo

aclMg

Now we present a new characterization of cC(Z)-compactness, by means of
pre-open and «-open subsets.

Theorem 3.7 If (X,7,7) is an ideal space, the following statements are
equivalents:
1) (X,7,Z) is 0 C(T)-compact.
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2) For each FCX, closed, and each nonempty family {Va},cp of nonempty

pre-open subsets of X, if F\ |J Va € Z then there exists Ay C A, finite, with
acA
FC U Va.
aENo
8) For each FCX, closed, and each nonempty family {V,},ca of nonempty

a-open subsets of X, if F\ | Va € Z then there exists Ao C A, finite, with
acA

Proof. Tt is sufficient to show that 1)=-2), since open=- a-open=-pre-open.
1) = 2) Suppose that F' C X is closed and that {V,},c, is a nonempty

family of nonempty pre-open subsets of X, with F\ |J V, € Z. Given that V,
aEN
0

0
C V,, for each a € A, we have that F\\ |J V, € Z, and then there exists Ay C
aeA

0
A, finite, such that FC |J Vo C U Va.
aclNo aclNo

Gupta and Noiri [2] characterized C(Z)-compactness using a weaker form
of filter base convergence. We obtain a similar characterization for oC(Z)-
compactness.

Definition 3.4 If (X, 7,7) is an ideal space and B is a filter base in X, then

B is said to be oZ-adherent convergent if for each V' € 7 such that ( N E) \V
BeB
€ 7, there exists B € B with B C V.

Theorem 3.8 An ideal space (X,7,T) is o(I)-compact if and only if each
open filter base B in X, with B C P(X)\{@}, is oZ-adherent convergent.
Proof. (—) Suppose that V' € 7, B is an open filter base in X and that

B C P(X)\{@} and (BQB§> \V € Z, this is (X\V) \BLéJB (X\B) € Z. Since

(X,7,7) is 0C(T)-compact there is By C B, finite, such that X\V C |J X\B
B€eBo

0 0 0
= U X\B =X\ () B.Then (| BC () B C V. But there exists By
BeBg BeBg BeBg BeBg
€ Bwith By C () B. Hence By C V.
BeBo
(+—) Suppose that (X, 7,7) is not 0C(Z)-compact. There are F' C X, closed,

and a nonempty collection {V4} ., of nonempty open sets such that F\ |J Va
acA
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€Zbut F ¢ |J Va, for each Ag C A, finite. In particular F ¢ Vj, for each
aElNg
a € A. We may assume that {V,},c, is closed for finite unions. Then the set

B ={X\V,:a €A} is an open filter base in X and B C P(X)\ {2}

0
Now ( N E) \(X\F)=F\ U Va € F\ U Va €Z, and this implies that
BeB acA aeA

( N E) \ (X\F) € Z. The hypothesis implies that there exists B € B with B
BeB

C X\F or, equivalently, there exists ap € A such that X \Vao € X\F. Thus F
C Vi, contradiction.

Finally, we present a sufficient condition for a oC(Z)-compact space turns
to be maximal 0C(Z)-compact.

Definition 3.5 A ¢C(Z)-compact space (X,7,7) is said to be mazimal
o C(Z)-compact if for each topology 5 on X, if 7 C § and 7 # [ then the space
(X, B,7) is not 0C(T)-compact.

Theorem 3.9 Let (X,7,7) be a 0 C(Z)-compact space such that, for each
A C X, if Ais closure o C(Z)-compact and X\A is o C(Z)-compact, we have
that A € 7. Then (X, 7,7) is maximal o C(Z)-compact.

Proof. Suppose that (X, 7,7) is not maximal 0C(Z)-compact. Then there is
a topology  on X such that 7 C 5, 7 # § and (X, 3,Z) is 0C(Z)-compact. Let
A € B\7. Then A is closure 0C(Z)-compact in the space (X, 3,Z), by Theorem
3.6, and so A is closure 0C(Z)-compact in the space (X,7,Z). Now, X\A is
0C(Z)-compact in the space (X, 3,7) since that X\A is closed in (X, 3).

If {Wa},en is a nonempty family of nonempty elements in 7 C /3 such that

(X\A)\ U W, € Z, then there is Ag C A, finite, with X\A C |J adhg(W,).
acA acho
Given that |J adhg(W,) € U adh.(W,) we conclude that X\ A is cC(Z)-

aclMo a€No
compact in the space (X, 7,Z). The hypothesis implies that A € 7, contradic-

tion.
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