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Abstract. We demonstrate a method for finding the decoherence-free subalgebra
N(T) of a Gaussian quantum Markov semigroup on the von Neumann algebra
B(T'(C%)) of all bounded operator on the Fock space I'(C?) on C¢. We show that
N (T) is a type I von Neumann algebra L>°(R%; C)®@B(I'(C)) determined, up to
unitary equivalence, by two natural numbers d.,dy < d. This result is illustrated
by some applications and examples.
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1. Introduction

Quantum channels and quantum Markov semigroups (QMS) describe the evolution
of an open quantum system subject to noise because of the interaction with the
surrounding environment. Couplings to external degrees of freedom typically lead
to decoherence. Gaussian quantum channels and Markov semigroups play a key role
because several models are based on linear couplings of bosonic systems to other
bosonic systems with quadratic Hamiltonians. As a result, the time evolution is then
determined by a Gaussian channel in the discrete time case and Markov semigroup
in the time continuous case.

Decoherence-free subalgebras determine observables whose evolution is not
affected by noise and play a fundamental role not only in the analysis of deco-
herence (see [2,4,7,22,26,27] and the references therein) but also in the study of
the structure of QMSs (see [18]).

The case of a norm-continuous QMS (7;);>¢ has been extensively studied
([13,18] and the references therein). The generator is represented in a GKLS form
L(z) =i[H,z] — (1/2) >, (L;L¢x — 2L, Lyx + xLjLy) for some bounded operators
Ly, H with H self-adjoint and the decoherence-free subalgebra is characterized as
the commutant of operators Ly, Lj and their iterated commutators with H ([13]
Proposition 2.3).
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Gaussian QMSs arise in several relevant models and form a class with a rich
structure with a number of explicit formulas ([1,10,20,31]), yet they are not norm-
continuous. However, it is known that their generators can be written in a gener-
alized GKLS form with operators Ly that are linear (see (2.7)) and H quadratic
(see (2.6)) in boson creation and annihilation operators a;,al ([11,29]). As a con-
sequence, operators Ly, L and their iterated generalized commutators with H are
linear in boson creation and annihilation operators a;, aL.

In this paper we consider Gaussian QMS on the von Neumann algebra B(I'(C%))
of all bounded operators on the Boson Fock space on C% and characterize their
decoherence-free subalgebras as generalized commutants of these iterated gen-
eralized commutators (Theorem 3.2). Indeed, we show that it suffices to con-
sider iterated commutators up to the order 2d — 1. Moreover, we prove (Theo-
rem 3.7) that the decoherence-free subalgebra is a type I von Neumann algebra
L>°(R4; C)®B(T(C%)) determined, up to unitary equivalence, by two natural num-
bers d.,d; < d. This conclusion is illustrated by some examples and a detailed
analysis of the case of a Gaussian QMS with a single operator Ly.

The symplectic structure on C? plays a fundamental role in the origin of von
Neumann algebras of the type L>(R%:C) as possible decoherence-free subalgebras
determined by generalized commutants via Araki’s duality theorem. Moreover, even
if at a purely algebraic level Theorem 3.2 looks like a natural generalization of the
norm continuous case, several difficulties arise from unboundedness of operators Ly
and H and, as a consequence, unboundedness of the generator £ of the QMS 7. The
defining property (3.1) of N(7) involves an operator z and the product z*x, but,
even if z belongs to the domain of the generator of the QMS 7T, there is no reason why
x*z should (see e.g. [17]) therefore one has to work with quadratic forms. Domain
problems arising from generalized commutators have to be carefully handled because
one needs to make sense of generalized commutations such as xz[H, Ly] C [H, L]z
and e xe [, C Ly e for x € N(T).

The decoherence-free subalgebra of a QMS with unbounded generator was also
characterized in [14]. In that paper the result was obtained thorugh several technical
assumptions (that hold in the case of Gaussian semigroups) and using a dilation of
the QMS via quantum stochastic calculus. The proof we give here (Appendix B) is
simpler because it does not appeal to these assumptions and is more direct because
it does not use quantum stochastic calculus.

The paper is organized as follows. In Sect. 2 we introduce Gaussian QMS,
present their construction by the minimal semigroup method (see [16]), prove well-
definedness (conservativity or identity preservation) applying the sufficient condition
of [9] and show the explicit formula for the action on Weyl operators (Theorem 2.4).
Proofs, that can be obtained from applications of standard methods, are collected
in Appendix A. Section 3 contains the main results of the paper. We first recall
the definition of decoherence-free subalgebra. Then we prove its characterization for
a Gaussian QMS (Theorem 3.2 with proof in Appendix B). Finally we prove the
structure result Theorem 3.7. Applications and examples are presented in Sect. 4.
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2. Gaussian QMSs

In this section we introduce our class of Gaussian semigroups starting from their
generators and fix some notation. Let h be the Fock space h = I'(C?) which is
isometrically isomorphic to I'(C) ® --- ® I'(C) with canonical orthonormal basis
(e(n1,..,nd))ny,...ng>0 (With e(nq,...,nq) = €, ® ... @ ey,). Let aj,a; be the
creation and annihilation operator of the Fock representation of the d-dimensional
Canonical Commutation Relations (CCR)

aje(ny,...,nqg) =/n; e(ni,...,nj_1,n; —1,...,nq),
a; e(ni,...,ng) = /nj+1e(ny,...,nj—1,n; +1,...,nq),
The CCRs are written as [aj,a;i] = 0,11, where [-,] denotes the commutator, or,

more precisely, [a;, aL] C ;%1 because the domain of the operator in the left-hand
side is smaller.
For any g € C?, define the exponential vector e(g) associated with g by

Z \/7% e(ny,...,ng)

neNd

Creation and annihilation operators with test vector v € C% can also be defined on
the total set of exponential vectors (see [28]) by
d

a(v)eg = <U7g>ega aT(U)eg = &eg-l—&u‘azo

for all u € C%. The unitary correspondence I'(C—T(C)®--- ®T(C)

g gd
€g g - enl . ®en,
n1>0,...,ng>0 a!

allows one to establish the identities
d d

a(v) = Zﬁjaj, aT(u) = Zujaj-

j=1 j=1

for all uT = [uy,...,uq),vT = [v1,...,v4) € CL

The above operators are obviously defined on the linear manifold D spanned by
the elements (e(n1,...,m4))n,,....ny>0 Of the canonical orthonormal basis of h that
turns out to be an essential domain for all the operators considered so far. This also
happens for quadrature operators

q(u) = (a(u) +al(v)) /V2  uweC? (2.1)

that are symmetric and essentially self-adjoint on the domain D by Nelson’s theorem
on analytic vectors ([30] Th. X.39 p. 202). The linear span of exponential vectors
also turns out to be an essential domain for operators g(u) for the same reason. If
the vector u has real (resp. purely imaginary) components one finds position (resp.
momentum) operators and the commutation relation [g(u), g(v)] C iS(u, v)1 (where
& and R denote the imaginary and real part of a complex number). Momentum
operators, i.e. quadratures ¢(ir) with » € R are also denoted by p(r) = El<j<d TiDj
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where p; = i(a;f — a;j)/V2. In a similar way we write ¢(r) = > 1<j<aTiq With
g; = qlej) = (al + a;)/V2.

Another set of operators that will play an important role in this paper are the
Weyl operators, defined on the exponential vectors via the formula

W(z)eg = e‘”zll2/2_<z’g>ez+g z,g € C%

By this definition (W (2)ey, W(2)e,) = (ef,ey) for all f,g € C?, therefore W(z)
extends uniquely to a unitary operator on h. Weyl operators satisfy the CCR in the
exponential form, namely, for every z, 2’ € C%,

W()W(') = e &)W+ 2). (2.2)
It is well-known that W (z) is the exponential of the anti self-adjoint operator
—iv2q(iz)
W (z) = emiV24(2) = gza’—7a, (2.3)
Finally, we recall here two relevant properties that are valid on D and on suitable
dense domains

[a(v),W(2)] = (v,2)W(z2), [aT(v),W(z)] = (z,0)W(2). (2.4)

A QMS T = (7;):>0 is a weakly™-continuous semigroup of completely positive,
identity preserving, weakly”-continuous maps on B(h). The predual semigroup 7, =
(Tit)t>0 on the predual space of trace class operators on h is a strongly continuous
contraction semigroup.

Gaussian QMSs can be defined in various equivalent ways. Here we introduced
them through their generator because it is the object we are mostly concerned with.
The pre-generator, or form generator, of a Gaussian QMSs can be represented in a
generalized (since operators Ly, H are unbounded) Gorini-Kossakowski-Lindblad-
Sudarshan (GKLS) form (see [29] Theorems 5.1, 5.2 and also [11,32])

1 m
L(z)=1[H,z] — 5 (LyL¢x —2LjxLy+ax LjLy). (2.5)
=1
where 1 < m < 2d, and

d . d -
H = Z <ija;ak + %kaTaL + —a] ) + Z ( > , (2.6)

j k=1 j=1
d
L, = Z (Wak + uekaD = a(vee) + a' (use), (2.7)
k=1
Q= (ij)1§j7k§d = Q" and k = (/‘fjlc)lgj,kgd = HT c Md((C), are d X d com-
plex matrices with © Hermitian and s symmetric, V' = (veg)i1<e<m,1<k<a,U =

(qu)lggSmylskgd € med((C) are m X d matrices and ¢ = (Cj)lgjgd € C?. The
notation wvye and wuyge refers to vectors in C? obtained from the ¢-th row of the
corresponding matrices.

We exclude the case where the pre-generator £ reduces to the Hamiltonian part
i[H, x] and so we suppose that one among matrices V, U is non-zero. An application
of Nelson’s theorem on analytic vectors ([30] Th. X.39 p. 202) shows that H, as
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an operator with domain D, is essentially selfadjoint. In addition, operators L, are
closable therefore we will identify them with their closure.

It can be shown (see [29] Theorems 5.1, 5.2) that a QMS 7 is Gaussian if maps
T, of the predual semigroup 7, preserve Gaussian states or, still in an equivalent
way, maps 7 act explicitly on Weyl operators (Theorem 2.4 below).

Clearly, £ is well defined on the dense (not closed) sub-*-algebra of B(h) gener-
ated by rank one operators [£)(¢'| with £,&" € D because all operator compositions
make sense. However, since the operators H, L, are unbounded, the domain of £ is
not the whole of B(h). For this reason we look at it as a pre-generator and describe
in detail its extension to a generator of a QMS by the minimal semigroup method
(Theorem 2.3 below).

Remark. The above generalized GKLS form is the most general with operators Ly
which are first order polynomials in a;, a} and the self-adjoint operator H which is
a second order polynomial in a;, a;r-. Indeed, in the case where L, are as above plus a
multiple of the identity operator, exploiting non uniqueness of GKLS representations
(see [28], section 30) one can always apply a translation and reduce himself to the
previous case.

We choose the minimum number of operators Ly (also called Kraus operators),
namely the parameter m.

Definition 2.1. A GKLS representation of £ is mimimal if the number m in (2.5) is
minimal.

A GKLS representation is minimal if and only if the following condition on V'
and U, that will be in force throughout the paper, holds.

Proposition 2.2. The pre-generator L has a minimal GKLS representation if and
only if

ker (V*) Nker (UT) = {0}. (2.8)
Proof. A GKLS respesentation (2.5) is minimal GKLS if and only if the set
{1, Ly,...,
L,,} consists of linearly independent operators (see [28], Theorem 30.16), namely,
aol+>"," ayLy = 0 for ap, ay € C implies oy = 0 for £ = 0,1, ..., m. This identity
is equivalent to

d d
apl + Z(V*a)jaj + Z(UTa)ja; = 0.
j=1 j=1

Since {]l, ay, aI, e, aq, ail} is a linearly independent set, the last equation is equiv-

alent to a € ker(V*), o € ker(U™), g = 0 and the proof is complete. O
For all € B(h) consider the quadratic form with domain D x D

IS L) — 2L e + i) P
(=1
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We postpone to the Appendix the construction of the unique Gaussian QMS
with pre-generator (2.5) and state here the final result.

Theorem 2.3. There exists a unique QMS, T = (T;);>0 such that, for all x € B(h)
and £,&" € D, the function t — (&', Ty(x)€) is differentiable and

S T = AT@)EE Vi

The domain of the generator consists of x € B(h) for which the quadratic form £(x)
1s represented by a bounded operator.

Weyl operators do not belong to the domain of the generator of 7 because a
straightforward computation (see, for instance, Appendix A Sect. 4.5) shows that
the quadratic form £(z) is unbounded. In spite of this we have the following explicit
formula (see [11,32])

Theorem 2.4. Let (7;)i>0 be the quantum Markov semigroup with generalized GKLS
generator associated with H, L, as above. For all Weyl operator W (z) we have

T(W(2)) = exp (f% /Ot R (e*%z, Ce72 ) ds + z‘/ot R (¢ ds) w(e?2)  (2.10)
where the real linear operators Z,C on C¢ are
Zz=[(UU-VV)/2+Q] 2+ [(U"V -VTU) J2+ ix] Z (2.11)
Cz=(UU+VV)z+ (U'V+VTU)z (2.12)
We refer to Sect. 4.5 for the proof.

3. Structure of N (7")

The decoherence-free subalgebra (see [2,7,13,14]) of T is defined as
N(T) = {z € BN | Ti(e"2) = Ti(x")Ti(), Ti(wa*) = Ti(@)Ty(a*), ¥t = 0} . (3.1)

This is the biggest sub von Neumann algebra of B(h) on which maps 7; act as
*-homorphisms by the following known facts (see e.g. Evans [15] Th. 3.1).

Proposition 3.1. Let 7 be a QMS on B(h) and let N(T) be the set defined by (3.1).
Then:
1. N(T) is Ti-invariant for all t > 0,
2. For all v € N(T) and all y € B(h) we have Ty(z*y) = Te(x*)Ti(y) and
Ti(y ) = To(y") Te(x),
3. N(T) is a von Neumann subalgebra of B(h).

The decoherence-free subalgebra of a QMS with a bounded generator, i.e. writ-
ten in a GKLS form with bounded operators H, L, instead of (2.7), (2.6) is the
commutator of the set of operators 6% (L), 6% (L) with £ =1,...,m, n > 0 where
dp(x) =[H,x].

Generators of Gaussian QQMSs are represented in a generalized GKLS form
with unbounded operators Ly, H, but N'(7) can be characterized in a similar way
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considering generalized commutatant of a set of unbounded operators. We recall
that, the generalized commutant of an unbounded operator L is the set of bounded
operators x for which L C Lz, namely Lx is an extension of xL.

We begin our investigation on N (7) by the following

Theorem 3.2. The decoherence-free subalgebra of a Gaussian QMS with generator
in a generalized GKLS form associated with operators Ly, H as in (2.7),(2.6) is the
generalized commutant of linear combinations of operators

St (Le), OW(LY)  f=1,....m, 0<n<2d—1 (3.2)

where 0 (x) = [H, x| denotes the generalized commutator and 83 denotes its n-th
iterate. Moreover T(z) = e®Hxe=" for allt > 0 and x € N(T).

We defer the proof to Appendix B. Here we give an example to show that
inequality n < 2d — 1 is sharp.

FEzample. Consider the Gaussian QMS with only one operator Ly, i.e. m = 1 and

d—1
Ly = p1, H:q¢;2l+zpj+1%'
j=1
Compute
0p(Ly) = ipa, 5%1(L1) = —p3, ..., 6?{_1(L1) =1 1p,, 6?{(L1) =1ilqy
therefore 5?[+1(L1) = i1, 1. Tterating commutators we see that 5;‘?’“([11) is

proportional to ¢4_ so that, for K = d — 1 one gets ¢;. Clearly, for all £ with
0<k<d-1

{8(L0), oy (L7) | G <d+ )

which is isomorphic to L°°(R9"17%;C) (i.e. measurable functions of momentum
operators pi, ..., Pd—1+k)- Summing up, if we consider 2d — 1 iterated commutators
we get all p;, g; and N(T) is trivial by the irreducibility of the Weyl representation
of CCR.

In the sequel we provide a simpler characterization of AV'(7) in terms of real
subspaces of C% and find its structure. In order to make clear the thread of the dis-
cussion, we omit technicalities related with unbounded operators that can be easily
fixed because D is an essential domain for operators involved in our computations
and we concentrate on the algebraic aspect. A straightforward computation yields

d
[H, Le] = Z <(Que’ - RE@')i a’;'f - (ﬁﬁh - EUEo)i ai) + (C, uee) ; (vee €)

i=1

1

Therefore the set of operators of which we have to consider the generalized commu-
tant, thanks to the CCR, is particularly simple and contains only linear combina-
tions of creation and annihilation operators together with a multiple of the identity
1 that plays no role.

Now notice that each linear combination of creation and annihilation operators
is uniquely determined by a pair v,u of vectors in C¢ representing coefficients of
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annihilation and creation operators so that, for example, the operator L, in (2.7)
and its adjoint L; are determined by

d —
_ Upe
L, = Z <vgjaj + ugjaD ~ [ ] , Ly = Z <Uejaj +U£ja;> ~ [ ¢ ]

j=1 j=1

In a similar way, after computing commutators,

—QT % [vye . —QT % [ty

[Hva] ~ |: K Q:| |:u80:|7 [HvLZ] ~ |: —k 0 Vre

Denote by H the above 2d x 2d matrix (built by four d x d matrices)
-7 R
S

and let V be the real subspace of C?? generated by vectors
H" [W'], H " [W] (3.3)
Uyeo Ve
with£=1,....mand 0 <n <2d - 1.
The above remarks allow us to associate with elements of (3.2) a set of vectors
in C?? and characterize the generalized commutant of (3.2) in a purely algebraic
way.

Lemma 3.3. An operator x € B(h) belongs to N'(T) if and only if it belongs to the
generalized commutant of
{q(iw) | we M} (3.4)
where
M =Ling {i(v+u),v—u | [o,u]" €V} cCh (3.5)

Proof. By the above remarks we know that the operators in the set (3.2) are linear
combination of annihilation and creation operators up to a multiple of the identity
operator and the generalized commutant of (3.2) coincides with the generalized
commutant of

{a(w)+a'(u) | [v,u]T €V}. (3.6)
To conclude the proof we just need to show that the commutants of (3.4) and
(3.6) are the same. Notice at first that if [v,u|T € V also [u,v]T € V, indeed if
8% (Le) = a(v) + a'(u) then 6% (L) = (—1)"0% (Le)* = (=1)" (a(u) + a'(v)) on the
domain D. Now from (2.1) we obtain

V24q(i(u —v)) =i (a(v) + al(w)) —i(a(u) + a' (v)),
V2(a(v) + a'(u)) = q(v + u) — ig(i(u — v)).
Therefore every element of (3.4) is a linear combination of elements of (3.6) and

viceversa, concluding the proof. O

In order to describe the structure of the decoherence-free subalgebra we recall
now some useful definitions and properties of symplectic spaces. At first note that
C? equipped with the real scalar product R(-,-) is a real Hilbert space. Considering
instead 3(-,-) we obtain a bilinear, antisymmetric (i.e. 3(z1, 22) = —3(29, 21), for
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all 21, 2o € C%) and non-degenerate (i.e. (21, 22) = 0 for all zo € C? implies z; = 0)
form also called a symplectic form. We now recall the following definitions.

Definition 3.4. Let M C C? a real linear subspace.

1. M is a symplectic space if (-, -) is non degenerate when restricted to elements
of M.

2. Two elements zq,zo of M are called symplectically orthogonal if they satisfy
%<Zl, Z2> = 0.

3. Let My, C M be a real linear subspace. We call symplectic complement of M;
in M, and denote it by M;’, the set

M={zeM | S${(z,m)=0 YmeM}.

4. M is an isotropic subspace if My C Mj.
5. M; is a symplectic subspace if M; is a symplectic space (i.e. the symplectic
form (-, ) is non degenerate when restricted to elements of Mj).

In order to fix some of the concepts in the above definition we provide the
following

Example. Consider M = C? which is a symplectic space and let (%’)?:1 be its

canonical complex orthonormal basis. Clearly (ej,iej)d is an orthonormal basis

j=1
for C? considered as a real Hilbert space. Consider now a vector e; for a fixed index
j. It is orthogonal to all other elements of the basis with respect to the real scalar
product R(-,-), however it is symplectically orthogonal to all other elements of the
basis except for ie;.

Consider now M; = Ling{e;,ie1} and My = Ling{es}, which are real linear sub-

spaces of C%. It is easy to see that
’ . . . ’ . . . .
M," = Ling{es, iea, ..., eq,ieq}, My’ = Ling{e,ieq,eq,e3,ies, ..., eq,ieq}.

In particular My C MY hence it is an isotropic subspace, while M; is a symplectic
subspace.

Eventually it is worth noticing that not all symplectic subspaces of M are also com-
plex subspaces; from here the need to consider real vector spaces. Indeed, consider
M3 = Ling{e; + ea,ie; }. It is easy to prove that Mjs is a symplectic subspace of M
but it is not a complex subspace, since e; = (—i)ie; & Ms.

The previous example although seemingly simple is actually quite representa-
tive of what happens in the general case. In analogy with classical linear algebra
most complicated situations can be simplified performing a change of basis through
a homomorphism. We provide here the analogous definition for symplectic spaces.

Definition 3.5. Let My, My C C¢ be symplectic spaces. We say B : M1 — Ms is a
symplectic transformation if it is a real linear map and moreover

%<BZl,BZQ> = %<21722>, VZl,ZQ e M.

We say B is a Bogoliubov transformation or symplectomorphism if it is an invertible
symplectic transformation.
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Next Proposition collects all the properties of symplectic spaces we need (see
[6] for a comprehensive treatment)

Proposition 3.6. Let M C C? be a symplectic space and let (ej);lzl be the canonical
complex orthonormal basis of C?.

1. There exists a symplectomorphism B
B : M — Ling{ey, ieq, ..., eq,,%€q, }

In particular dimgp M = 2d;.

2. If My C M 1is a real linear subspace of M then M is also a symplectic subspace
if and only if My N M;" = {0}.

3. If My is an isotropic subspace with diy = dimg My then there exists a symplec-
tomorphism B such that

B : My — Ling{ey,...,eq, }.

We give a proof in Appendix C for self-containedness.

For all subset M of C? we denote by W(M) the von Neumann algebra gen-
erated by Weyl operators W (z) with z € M. H. Araki’s Theorem 4 p. 1358 in [3],
sometimes referred to as duality for Bose fields, (see also [25] Theorem 1.3.2 (iv) for
a proof with our notation), up to a constant in the symplectic from and also [21]
Theorem 1.1) shows that the commutant of W(M) is W(M'). Applying this result
we can prove the following

Theorem 3.7. The decoherence-free subalgebra N'(T) is the von Neumann subalgebra
of B(h) generated by Weyl operators W (z) such that z belongs to the sympletic
complement of (3.5). Moreover, up to unitary equivalence,

N(T) = L®(R%;C) & B(I'(C¥)) (3.7)
for a pair of natural numbers d.,dy < d.

The subscript f (resp. ¢) stands for full (resp. commutative).

Proof. By Lemma 3.3 any = € N (7) satisfies z ¢(iw) C ¢(iw)x for all w € M.
Therefore, for all real number r, z(1+ irq(iw)) C (1+ irq(iw))x and, right and left
multiplying by the resolvent (1 + irg(iw))~! which is a bounded operator
(14 irq(iw)) "tz = 2(1 + irq(iw)) .
Iterating n times and considering r = 1/n we find
(1 +ig(iw)/n) " & = = (1 +ig(iw)/n) ™"

and, taking the limit as n goes to 400, by the Hille-Yosida theorem ([5] Theorem
3.1.10 p.371) we have

W(w)z =e 9%y = lim (1+ig(iw)/n) "z
=z lim (1+ig(iw)/n)"" = a2W (w)

and so = belongs to W(M)" which coincides with W(M’) by Araki’s Theorem 4 in
[3]-
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Conversely, if z belongs to the symplectic complement of M, then from (2.4)
and (2.1) we have W (z)q(iw)e, = q(iw)W (2)e, for all w € M and g € C%. Since
the linear span of exponential vectors is an essential domain for ¢(iw), for all £ €
Dom(g(iw)) there exists a sequence (§,,)n>1 in &€ such that (¢q(iw),)n>1 converges
to gq(iw)¢. It follows that (q(iw)W(z)&,)n>1 converges and, since g(iw) is closed,
W (z)¢€ belongs to Dom(q(iw)) and W (z)q(iw)§ = q(iw)W (2)§, namely q(iw)W (z)
is an extension of W (z)q(iw). Therefore W (z) belongs to the generalized commutant
of all ¢(iw) with w € M and therefore to N'(7) by Lemma 3.3.

In order to prove (3.7) consider M° := M N M’ which is a real linear subspace
of both M and M’. Consider now M" and M/ as the real linear complement of
M in M and M’ respectively, i.e.

M=MaM", M = Mca M.

(M L M" and M L M/, more precisely, they are orthogonal with respect to the
real part of the scalar product). We will show that M/ is a symplectic subspace of
C? and that it is symplectically orthogonal to both M¢ and M". Suppose z € M/f
is such that $(z,2y) = 0 for all z; € M/. By construction 3(z,z.) = 0 for all
2e € M = M N M'’'. Therefore

S(z,m) =0, VYme M,
since M" = M @& M. Therefore z € M” = M, but then
ze MMM =Mn M ={0}.

Hence M7 is a symplectic subspace. Eventually, M/ ¢ M’ and M = M" c (M')'.
In particular M7 is symplectically orthogonal to both M”™, M¢. Let d, = dimp M¢
and 2d; = dimg MY which is even by Proposition 3.6 1. Still by Proposition 3.6 we
can find a symplectomorphism B such that

12 . . . .
B: M" — Ling{ey,...,eq. } ® Ling{eq, 11,1€q, 41, - -, €d, +d;s» i€+ d; }s
detdy . . :
where (e;) j;j; 7 is the canonical complex orthonormal basis of C%t%s. Eventually,

since symplectic transformation in finite dimensional symplectic spaces are always
implemented by unitary transformations on the Fock space (see [12] Theorem 3.8),
we obtain the final result. O

Remark. An analogous argument to the proof of the previous theorem allows us
to show that also M" is a symplectic subspace which is symplectically orthogonal
to both M¢ and M. If 2d, = dimp M", in total analogy with the proof, we can
always find a symplectomorphism such that

MUM ~C & M®aC¥,
where M, is the real subspace of Cd generated by {ey, ..., eq,.}. In particular, after
the unitary transformation associated with the symplectic transformation, we have

W(M U M) = B(T(C)BL>®(R%; C)@B(I'(C)).

Remark. Tt is worth noticing here that a QMS with AV (7) as in (3.7) does not
necessarily admit a dilation with d, classical noises because the corresponding Kraus
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operators L, could be normal but not self-adjoint (see Sect. 4.2 for an example) and
so one may find obstructions to dilations with classical noises as shown in [19].

Corollary 3.8. The decoherence-free subalgebra N'(T) is generated by Weyl operators
W (z) with z belonging to real subspaces of ker(C) that are Z-invariant.

Proof. By Theorem 3.7 it suffices to show that z belongs to the symplectic com-
plement M’ of (3.5) if and only if it belongs to a real subspace of ker(C) that is
Z-invariant.

If 2 belongs to M’ then W (2) € N(T) and T;(W (z)) = ™ W (2) e 1 for all t > 0.
Comparison with (2.10) yields

eitHW(Z) e—itH

t t
= exp (—;/0 §R<eSZz,CeSZz>ds—|—i/o §R<C,eszz>ds> W(etzz).

Unitarity of both left and right operators implies & <e5Zz, C’eszz> =0foralls>0
and e*?z belongs to ker(C) for all s > 0, namely, in an equivalent way, z and also
Zz (by differentiation) belong to ker(C').

Conversely, if z belongs to a real subspace of ker(C') that is Z-invariant, then e
also belongs to that subset for all s > 0. The explicit formula (2.10) shows that

T,(W(2)) = exp (i /0 t R (¢, e 2) ds) W (e'”2)

sZZ

therefore
Ti(W(2)) (W (2)) = W (2)' W(2) e " = 1= T(W(2)*W(2))

and, in the same way, 7, (W (2))T:(W (2)*) = T (W (2)W (2)*). It follows that W (z) €
N(T) and z belongs to the symplectic complement of (3.5) by Theorem 3.7. O

The following corollary shows that we can perform a unitary transformation of
the Fock space in order to reduce the number of creation and annihilation operators
that appear in the Kraus’ operators.

Corollary 3.9. There exists a unitary transformation U of the Fock space such that

dr+4de
UL,U* = Z (@ja]’ + uja;)

=1

Proof. 1t suffices to consider the transformation obtained in the Remark after The-
orem 3.7. Indeed each Kraus operator corresponds to a vector [0, u|T € V which in
turn corresponds to two generators in the subspace M. Performing the symplecto-
morphism in the cited Remark we have

M~ Ch & M°

which has dimension 2d, + d.. In particular if U is the unitary transformation
that implements this symplectomorphism U L,U* will depend at most from d, + d.
modes. U
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Ezample. One may wonder if H can also be written in a special form in the new
representation of the CCR, for example as the sum of two self-adjoint operators,
one depending only on bl,bI, .. wbdr+dc>bzlr +q, and the other depending only on

bd, +du+15 b:fi,,.+dc+17 ooy by, bz. This happens when N (7) is a countable sum of type
I factors (see [13]) but not in the case of Gaussian QMSs with d. > 0 as shows this
example.

Let d =2, m =1 and

L =q, H = qip».

Clearly, by Theorem 3.2, N(7) is the algebra L*>°(R;C)@B(I'(C)) but H is the
product of two operators depending on different coordinates.

4. Applications

In this section we present two examples to illustrate the admissible structures of
decoherence-free subalgebras of a Gaussian QMS on B(T'(C%)) with d > 2 and the
application to an open system of two bosons in a common environment (see Ref.
[8]). We begin by considering the case of only one noise operator.

4.1. The Case One L, H = N
The operators (2.7) and (2.6) are the closure of operators defined on D

d
L= Z (Ejaj + ujaj-) , H= Za;aj (4.1)
j=1

Jj=1
(either v or u is nonzero). We compute recursively

d
(ﬁinJrl(L) — Z <uja; *@ja]) 5 6?(‘[’) =1L

=1
for all n > 0, and, in the same way, 2" (L*) = ijl (vja} - ﬂjaj), §2n(L*) = L*.
It follows that M’ is the symplectic complement of

Ling { v — u,v 4+ u,i(v + u),i(v —w) } = Ling { v, u,iv,iu } = Linc { v, u }.

Thus M’ is the orthogonal (for the complex scalar product) of the complex linear
subspace generated by v and w, it is a complex subspace of C¢ and

N(T) ={W(z) | ze M'} = BT(M")).

If v,u are linearly independent, then the complex dimension of M’ is d — 2, and
N(T) is isomorphic to B(I'(C4~2)).
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TABLE 1 N(7) that can arise with one L and H =0

dimg M d. d, dy  N(T) L
st 1 1 0 d—1 L®R;C)@B(I(C 1Y) L=gq
2nd 9 2 0 d—2 L®R%C)RB(I'(CH2) L=q +ig
3rd 2 0 1 d—1 BI(Ci1y) L=a;,L=adl

4.2. The Case One L, H = 0
Let L be as in (4.1). If H = 0, then 0y = 0. In particular

M = Ling{v — u,u — v,i(v + u),i(u + v)} = Ling{v — u, (v + u)}

and, since both v and u cannot be zero in our framework, dimg M is either 1 or
2. If it is equal to 1 (first case), clearly M N M’ = M and M" = {0} therefore
d. =1 and d, = 0. It follows that dy = d — 1 and N'(7) is a von Neumann algebra
unitarily equivalent to L>°(R; C)®@B(I'(C41)). If dimg M = 2 then, since M" is a
symplectic space, its real dimension must be even and so we distinguish two cases:
d, = 0,d. = 2 (second case) and d, = 1,d. = 0 (third case). If d. = 2, again
MNM' =M, and N(T) is a von Neumann algebra L°°(R?; C)@B(T'(C?~2)).
Ifd. = 0,d, = 1, then dy = d—1 and N(7) is a von Neumann algebra B(I'(C¢~1)).
This classification is summarized by Table 1 in which the last column labeled “L”
contains possible choices of the operator L that realize each case.

In the last part of the section we will characterize each case by just looking
directly at the operator L instead of computing M.

Suppose L is self-adjoint. In this case V is composed of only one vector which
is of the form [v,v]T. Therefore M = Ling{iv} and d. = 1, while d,, = 0 (1°* case).
Consider now instead the case L normal but not self-adjoint. An explicit compu-
tation shows that 0 = [L,L*] = |[v||> — ||ul|* on D. This condition shows that
M = Mn M since

S(v = u,i(v +u)) = [Jv]|* = [[ul® = 0.

Moreover u # v since L is not self-adjoint, hence d, = 2 (2" case). If L is not even
normal (i.e. ||v]|? # ||u/|?) then by the previous calculations d. = 0 and d, = 1 (3¢
case).

Summing up: the 15 case arises when L is self-adjoint, the case 2" case arises when
L is normal but not self-adjoint and the 3'¥ case arises when L is not normal or,
equivalently [[v||? # |lul|?.

In the last case it can be shown that when |[v||? > ||u|? (vesp. |[v]|? < ||u||?) there
exists a Bogoliubov transformation changing L to a multiple of the annihilation
operator a; (resp. creation operator aT).

4.3. Two Bosons in a Common Bath

The following model for the open quantum system of two bosons in a common
environment has been considered in Ref. [8]. Here d = 2 and H is as in equation 2.6
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with k = ( = 0. The completely positive part of the GKLS generator L is

_ 1
Z Yk a;Xak + 5 Z ’yﬁ anaL (4.2)
J,k=1,2 3, k=12

where ('yﬁ) j.k=1,2 are positive definite 2 x 2 matrices.

Note that, by a change of phase a; — e%1qay, a}

| —ifs T
ay — € 72ay,

— e_lelai, as — e%ay,

we can always assume that (yﬁC)M:l,g is real symmetric. Write the
spectral decomposition

= Al (T |+ pal®) (|

where the vectors ¢, 1~ have real components. Rewrite the first term of (4.2) as

Z ’yj_ka;Xak:)\_ Z (p}gp,;a;Xak—i—,u_ Z wj_wk_a;Xak

J,k=1,2 J,k=1,2 J,k=1,2
= E 0 a | X E YL ak
- J g k
j=1,2 k=1,2
— 1 —
+ p— § 1/)]' a; X E Yy, ak
j=1,2 k=1,2

and write in a similar way the second term of (4.2)

Z 7;; ana/,TC =i Z @jj aj | X Z gp;a;rg

J,k=1,2 j=1,2 k=1,2
T + 1
+ pt E 1/}+j aj | X § Yy ay,

j=1,2 k=1,2

We can represent L in a generalized GKLS form with a number of Kraus operators
L, depending on the number of strictly positive eigenvalues among Ay, pi4.

Ly :)\1,/2 Z P Ok 1/2 Z Yy ag
k=1,2 k=1,2
1/2 1 2
L= Y el V23 il
k=1,2 k=1,2

Relabelling if necessary, we can always assume 0 < A_ < p_ and 0 < Ay < .
We begin our analysis by considering the case where H = 0.
If A > 0 (or Ay > 0) then there are four vectors v, u in the defining set of M
namely

M = Ling { @ LT i i } (or = Ling { o, T ipT iyt })
thus M’ = {0} and N(7) = CL.

Suppose now that Ay = A_ = 0 and p_, s+ > 0 so that there are only two
Kraus operators, the above Lo and Ly and

M = LinR{wifler?iwi?iij } :



272 J. Agredo et al. Vol. 90 (2022)

It follows that, if 1»~, T are R-linearly independent, we have again M = C? whence
M’ = {0} and N (7) = C1. Otherwise, if T is a real non-zero multiple of 1)~ then,
as 1T and i1)* are R-linearly independent, the real dimension of M and M’ is two,
MN M = {0} so that N(7) is isomorphic to B(I'(C)).

It is not difficult to see that, in any case, the dimension of M cannot be 1 or
3 (because creation and annihilation operator always appear separately in different
Kraus operators L, never in the same).

Summarizing: A'(7) is non-trivial and isomorphic to B(I'(C)) if and only if v+
and v~ are rank-one and commute.

Finally, if we consider a non-zero H, it is clear that N (7) is always trivial
unless v* and 7~ are rank-one, commute and their one-dimensional range is an
eigenvector for Q and Q7.
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Appendix A: Construction of Gaussian QMSs From the GKLS
Generator

In this section we outline how one can construct the minimal quantum dynamical
semigroup associated with operators H, L, and following [16], Section 3.3. The first
step is to prove that the closure of the operator G

1 es _
G=—3 [_ZILELK —iH (4.3)
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defined on the domain D generates a strongly continuous contraction semigroup.
To this end we recall the result due to Palle E.T. Jorgensen (see [23], Theorem 2).

Theorem 4.1. Let G be a dissipative linear operator on a Hilbert space h. Let
(Dy)n>1 be an increasing family of closed subspaces of h whose union is dense in
h and contained in the domain of G and let Pp, be the orthogonal projection of h
onto D,,. Suppose that there exists an integer ny such that GD,, C Dy, for all
n > 1. Then the closure G generates a strongly continuous contraction semigroup
on h and U, >1D,, is a core for G, if there exists a sequence (en)n>1 in Ry such that
|GPp, — Pp,GPp,|| < ¢, for all n and

00

-1
>l =
n=1

We are now able to prove the following proposition.

Proposition 4.2. The operator G is the infinitesimal generator of a strongly contin-
wous contraction semigroup on h and D is a core for this operator.

Proof. We apply Theorem 4.1 with D,, the linear manifold spanned by vectors
e(ny,...,ng) with n; +...4+ng < n. Clearly D = U,>1D,,. The operator G is obvi-
ously densely defined and dissipative. Therefore it is closable (see e.g. [5], Lemma
3.1.14) and its closure, denoted G is dissipative. Clearly, by the explicit form of the
action of creation and annihilation operators on vectors e(ny,...,ng), the operator
G maps D, into D,, o for all n > 0.

A straightforward computation using (4.3) yields

d
1
(GPDn — PDTLGPDn) = — 5 Z (Z’l}gkUgJ =+ 1/€> aka + = ngak PDn,
kj=1 \£=1
namely the non-zero part is the one involving only creations. Let us fix u = Z| al<n
Ta€a & vector in D, where a = (a(1),...,a(d)) is a multi-index, |a| = a(1)+...+
a(d), and the vector el = (€a(1)s -+ €a(d))- Clearly a}u € D,11 and

2
latul|” = 37 Iraf (@) + 1) [leass, | < 0+ 1) Jul.

|| <m

Therefore we have also
2 2
|atafu]” < @ +2) [afu]| < 0+ 20+ 1) Jul* < 0+ 27l

This means that

To1
a;0u

ik

(GPp, — Pp, GPp, )ul| < = Z [Z Tee) ug. + ik

j,k 1 l

3ol
j=1

<c(n+2)||ull /2
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with ¢ > 0 a constant that does not depend on n. Eventually, since the series
Dons1(n+ 2)~1 diverges, we can apply Theorem 4.1 and the proposition is proved.
5

A similar argument allows us to prove the following

Proposition 4.3. The closure ® of the operator ), -, L;L¢ defined on the domain
D 1is essentially self-adjoint. -

Let us denote by G also the closure of the operator G to simplify the notation.
Using standard arguments, the operators Ly, can be extended to the domain of G
and further extended to the domain

{ueh | u:Zraea,Z|a||Ta|2<oo},
[e3 [e%

where o = ((1),...,a(d)) is a multi-index, |a| = a(1)+ ...+ a(d), and the vector

ea = (€a(1)s -+ Ca(d))-
In the next section we will show that the minimal semigroup is identity preserv-
ing and so it is a well defined QMS, whose predual semigroup is trace preserving.

4.4. Conservativity

We will establish conservativity by applying the Chebotarev-Fagnola sufficient con-
dition (see [9] , [16] section 3.5). More precisely, we will apply the following result:

Theorem 4.4. Suppose that:

1. the operator G is the infinitesimal generator of a strongly continuous contrac-
tion semigroup (P;)¢>o in h,

2. the domain of the operators (Ly)e>1 contains the domain of G and, for every
u € D(G), we have

(u, Gu) + (Gu,u) + Z(Lgu, Leu) =0,
¢

3. there exists a self-adjoint operator C' with domain coinciding with the domain
of G and a core D for C'" with the following properties
(a) Ly(D) C D(CY?) for all £ > 1,
(b) there exists a self-adjoint operator ® such that
—2R(u, Gu) = (u, Pu) < (u,Cu)

for allu € D,

(c) there exists a positive constant b such that the inequality
2R(Cu, Gu) + Y (C?Lyu, CV?Lyu) < b(u, Cu)
>1
holds for every u € D.

Then the minimal quantum dynamical semigroup is Markov.

In order to check the above conditions one should proceed with computations
on quadratic forms. However, these are equivalent to algebraic computations of the

action of the formal generator £ on first and second order polynomials is aj,a;
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therefore we will go on with algebraic computations so as to reduce the clutter of
the notation.

Lemma 4.5. It holds
2£(ar) = a' (UTV =VTU =2ik) ) +a (UU = V*V 42iQ), ) — i1,
2£(af) =a (U'V = VU = 2ik),,) +al (UU - V'V +2i0),,) +iCc1.

Proof. First write

Lo(X) = L(X) —1[H,X] = 2 Y (L;[X, L] + [L}, X]Ly).
=1

l\D\»—t

By the CCR one has

d
lag, L¢) = § lak, ugja ] ] = w1,

d
[Ly,ax] = CLk,Lg g ak,vgjaj = vl
J=1

Therefore we obtain that

d d

1 & _ _
£0(ak) = 3 Z ngja} + Ugja; | Upk — Vek ijaj + wja;
=1 j=1 —
and
i¢, d
k
[H, ak] —7]1 — Z (ijaj + /ikjaD .
Jj=1

which both lead to
£(ar) = i[H, ag] + £Lo(ar)

d
Ck n
= —51 — lz (ijaj + ijaj)

j=1
1 m d d
+ B} Z Z vgja; + ugja; | wer — ek ijaj + Ugja;r-
=1 j=1 j=1
Using the last equality and £(a£) = £(ag)* concludes the proof. O

The following formula is verified for any generator £ of a QMS:
Lemma 4.6. For all X,Y € B(h)

£(XY)=X£(Y)+ £X)Y + i[u, X*)*[Le, Y. (4.4)
{=1
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Proof. Let £o(X)
£o(XY) = X £o(Y

m<
/=1

—(1/2)S" (LiLyX —2L3 XLy + XL:L,) then we can write
(1/2) 2202 (L7 ¢ ¢
— £o(X)Y as

M| — ~

1
LiLyXY + L; XYL, — 2XYL;?L4})

+) <2XL€ LeY = XLiY Le+ 5 XYL Lg>
1

~
Il

1 1
+ <2L;ngXY —LiXL)Y + 2XL§L¢Y>

= L[

(L; XYL+ XLiL)YY — XL;Y L, — L; X LyY)

~
3l
—

(L7, XYLy — [Lj, X]LY) = ([Le, X*]" [Le, Y])
1 =1

Recalling the usual commutator property [H,XY] = [H, X]Y + X[H,Y], we find
then

~
Il

L£(XY)=XLY) = LX)Y = £o(XY) = X Lo(Y) — £o(X)Y.
This completes the proof. O

As a final step towards proving conservativity via Theorem 4.4, we prove the
following

d
Proposition 4.7. Let C = akaz. There exist a constant b > 0 such that £(C) <
k=1
bC

Proof. By Lemmas 4.5 we have that

d . i
]Ck _ — ICk
Llag) = le (wkja; + ijaj) — 7]1, £(al) = le (wkjaj + ija;) + 71

for some complex numbers wy;, zx;, (j. While, by Lemma 4.6, we get

d
£(aka,1) = —izkak/Q + Z (@kjakaj —i—Ekjaka;)
j=1
d
+iCral /2 + Z (wkja;a}; + zkjaja};) + [lver||*1
j=1

I
M=

(Ekjaka; + zkjaja;[c + W ara; + wkja;al)

<
Il

+ 5 (Gral = Chan) + o2

DO | =
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Note that for each k, j

T

T2 _ i 2 T = T T
i zijap|* = aja; + |2k |“ara, — Zrjaga; — zgjajag > 0,

la

it follows that
.I_

Ekjaka;[- + zkja]-az < aja;f + ]zjk|2akak
and, in the same way
Wjaka; + wkjaLaj < \wkj|2aka2 + aja;{.
Finally, from
\a}; +i¢, 1% = OLka,TC + [¢k]?1 — i(kaz +iCpar >0
it follows that
iGra) — iCpar < aral + |Gul*L.

By (4.5),(4.6), and (4.7)

1<k<d

d d
£(C) < |3d max |1+ (lars* + |wig)?) | C+ D (16 + llves 1) 1
=1 j=1

since C' > d1 then £(C) < bC with

d d
b=max § 3d max > Zl(|2k:j|2 +lwis ) | (161 + llves 1)
]:

=1

We can eventually state the result on conservativity.

277

Theorem 4.8. The minimal QDS semigroup generated by the pre-generator (2.5)

with H, Ly given by (2.6),(2.7) is Markov.

Proof. We apply Theorem 4.4 with the operator C' given by

d
Dom(C) = {u = Zuae(a) | Z o ual? < 0o } , Cu= Zaja;-u.
« «@ Jj=1

Conditions 1 and 2 are satisfied by definition and by Proposition 4.2. For condition
3 one can choose D as in the proof of Proposition 4.2. In this way (a) is easily
satisfied, while (¢) follows from Proposition 4.7. The operator ® is the self-adjoint
extension of ), Ly L, (defined on the domain D) and is second-order polynomial
in a,a. Inequalities like (4.6) and (4.5) allows one to show that ® is majorized
by a suitable multiple of C. Replacing C' with this suitable multiple the proof is

completed by Proposition 4.7.

O
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4.5. Proof of Theorem 2.4

Following the proof of Theorem 2 in [1] let us start by derivating (2.10) at ¢ = 0.
Using

d tZ

d o 1 o
VD] =W Y (@] - Zo 5 G522 - (Z2))

(with respect to the norm topology) one has L(W(z)) = W(2)Y(z), where Y (z)
corresponds to the operator

d

; ((ZZ)]'UJ; - (Z)jaj + % (Z(ZZ)] — (ZZ)ij)) — %%<Z,CZ> + i <C,z> .

Now instead let us rewrite the GKLS pre-generator as

D (LW (2), L] + [L7, W(2)] Le) .-
{=1

LW (z)) =i[H,W(z)] +

N | =

Recalling that Q = Q% k = kT and from (2.4) one gets
(W (2),Le = -W(z) (Vz+ UE)Z, [L;, W(2)] =W (z) (Vz+ Uz)g
and so

[H, W (2)] = W(z) [a(Qz + rZ) + al (Qz + kZ)]

+ <; (2,Qz 4+ KZ) + %(z, Oz + kZ) + R(C, z>) W(z)

At last one finds
[Ly, [W(2), Le]] = — Z W(z) (Vz+Uz),(Vz+Uz),
=1 /=1

= ~W(2) ((2, V2 + VTUZ) + (2, T°0= + UTVZ)).

Using the previous results one finds that £(W(z)) = W(z)X(z) for some operator
X (z) which is explicitly given by

TT*TT — %\ Ty, _ 1/T
X(z) :aT<<U U2V V+iQ>z+<U V2V U+m>z)

u*u-v*v utv —vTtu .\ _
—a f—i—l(l z+ f—l—m z

+ % (2,iQz +ikZ) — %(z,in +ikZ) + 1R (¢, 2)

- % <<z, V*Vz+VTUZ) + (2,UUz + UTVE>) .

Since X (z) and Y (z) must coincide for every z € C? the proof of Theorem 2.4 is
complete.
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Appendix B: Characterization of N (7)

In this section we derive the characterization of N'(7) in terms of iterated commuta-
tors. We begin by illustrating the idea of the proof in the case where the operators L,
and H are bounded. For all z,y € B(h), recall the formula (4.4) from Lemma 4.6.
Note that, if z € NM(7T) and y is arbitrary then, since T;(y*z) = T(y*)7¢(z) by
Proposition 3.1 1, taking the derivative at t = 0 we get L(y*z) = L(y*)x + y*L(x),

therefore
m

S Loyl Lo, 2] = 0. (45)
=1
If the operators Ly are bounded, we are allowed to take z = y, then [Ly,x] = 0 for
all £. Moreover, since z* also belongs to N'(7), taking the adjoint of [L,, 2*] = 0, x
also commutes with all the operators L; and L(x) = i[H, z|. Clearly, since N'(7) is
Ti-invariant, £(x) = lim;_o(7;(z) — )/t belongs to N (7). Therefore [L¢, [H,x]] = 0
for all £ and, by the Jacobi identity

[:1:7 [H7LZ” = _[H7 [Lg,:l,‘” - [Lg,[l‘,HH =0.

In this way, one can show inductively that £ commutes with the iterated commuta-
tors (3.2).

If the operators Ly, H are unbounded, one has to cope with several problems.
The operator £ is unbounded and, even if we choose x,y in the domain of L, it
is not clear whether y*z belongs to the domain of £ (see [17]). Multiplication of
generalized commutators [Lg,y] [L¢, 2] may not be defined. If we choose a “nice”
y € Dom(L) then it is not clear whether we can take = y because we do not know
a priori if our “nice” y belongs to N'(7).

We begin the analysis of N (7) by a few preliminary lemmas.

Lemma 4.9. The following derivative exists with respect norm topology for all z € C

d . o
T W@eg| =G W(2)eg+ ; LW (2)Lee, + W (2)Ge,

Proof. The right-hand side operator G*W(z) + Y.,2, LiW(z)L, + W(2)G is
unbounded (for z # 0) therefore W(z) does not belong to the domain of £ but
we can consider the quadratic form £(W(z)) on D x D. Differentiability of func-
tions t — (¢, Ty(x)§) also holds for £, ¢’ in the linear span of exponential vectors.
Therefore, for all such £, we have (Theorem 2.3)

(& (Ti(W(2)) = W(2) = t£(W(2))) ¢g) = /0 (6, £(Ts(W(z)) = W(z))eg) ds.

Recalling that 7,(W (2)) = ¢.(s)W (e*?2) as in (2.10) for a complex valued function
¢ such that lims_,o . (s) = 1, the right-hand side integrand can be written as

(p=(s) = 1) (& £(W (e “2))eq) + (&, £(W (e*2) — W(2))ey)
A long but straightforward computation shows the function

s LW (e*Z2) —W(z2))e,
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is continuous vanishing at s = 0 and the function s — £(W (e*?z))e, is bounded
with respect to the Fock space norm. Therefore, taking suprema for ¢ € TI'(C%),
|€|| = 1, we find the inequalities

t

(T:(W(2)) = W(z) = t£(W(2))) eg|| < ; l02(5) = 1| [[£(W (e*72))ey || ds

+ ; Hf(W(eszz) —W(z))engs

The conclusion follows dividing by ¢ and taking the limit as t — 0. U

Lemma 4.10. Let x € N(T). For all exponential vectors eq,es and all Weyl opera-
tors W(z) we have

m

([Les W(=2)]eg,aLees) =Y (Lj [Le,W(=2)]eg,mey) . (4.9)
/=1 /=1

Proof. If x € N'(T), then, for all g, f,z € C% and ¢t > 0 we have
(eg, (T(W (2)x) = W(z)x)eg) = (eg, (T(W(2))Te(z) — W(2)x) ef)
= (g, (TL(W(2)) =W (z2)) weg) + (eg, W(2) (Te(x) — ) ef)
T (T(W(=2)) = W(=2)) eg, (Te(z) — x) ef)
By Lemma 4.9 means the norm limit

oy (TV(=2)) = W(=2))e

t—0+ t

exists, therefore sup,~ ot | 7¢(W(—2)) — W(—2))ey|| < +00. Moreover
I(Te(@) — 2) ef|* = (ef, (Ti(a”) — 2%) (Te(x) — z) )
< (ep (T(a"w) — 2" Ty(x) — Ty(2")x + 27x) €f)
which tends to 0 as t — 0" by weak™ continuity of 7;. As a result
lim 7 {e,, (Te(W(2)) = W(2)) (Tulx) — ) e5) =0,

(
t(z”

t—

therefore

lim £ g, (T(W(2)2) = W())eg) = lim 17 {eg, W(2) (Ti(x) — 2) e7)

t— t—

+ lim 7 (T (=) — W (=2)) g, )
and we get
(Geg, W(z)xef) + Z (Leeg, W(2)xLeg) + (eqg, W(z)x Gey)
/=1

+ (GW (—z)eg, zes) + Z (LW (—z)eg,xLoegs) + (W(—2)eg, xGey) .
=1
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The first term in the left-hand side cancels with the third term in right-hand side
and last terms in both sides cancel as well. Noting that

G*W(-2)eqg + GW(—z)eg = — Z L;LW(—z)eq
¢

adding the first and fourth terms in the right-hand side, we find

(Loeg, W(2)aLeep) = > [(LiW(=2)Leeg,w eg) + (LW (=2)eg, wLeey)]
=1 =1
— Z (L7LW(—z)eg, zey) .
=1
Rearranging terms we get (4.9) which is a weak form of identity (4.8). O

The following lemma serves to get (4.9) for each ¢ fixed without summation,
taking advantage of the arbitrarity of z.

Lemma 4.11. For all {4 € {1,2,...,d} fived there exists = € C* such that
d

_ L (1ifi=u,
a ('Uz]zj +UZJZJ) = 61,@. — { 0 Zf Z?é g.

Jj=1

Proof. Note that Vz + UZ arises from the map composition
Je  [VIU]
z — [z] — Vz+Uz

Let (¢¢)1<e<m be an orthonormal basis of C™. We look for a z € C™ solving the
real linear system

(VU] Jez = b0
Since
Ran ([V| U] J.) = ker ([V|U] J)T)" = ker (JT W!U]T)i,

J. is one-to-one and, by the minimality assumption (2.8)

% N
ker (W! U]T) = ker ([UT}> = ker (V*) Nker (U") = {0},
we find Ran ([V| U] Jc) = C™ and the proof is complete. O

Proposition 4.12. The decoherence-free subalgebra x € N (T) is contained in the
generalized commutant of the operators Ly, Ly 1 < £ < m.

Proof. For a Weyl operator W(z) we have

d
Le W)= [mjaj + uggal, W(z)} =" @iz + uez) W(z).

Jj=1 Jj=1
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and (4.9) becomes

m d
= Z Z (Tejzj + wejZ;) (LyW(—2)eq, zey) .

By Lemma 4.11, choosing some special z, € C?, we find
(W(=ze)eg,xLeey) = (LiW(—ze)eg, xey)

for all g, f € C? and all ¢. Therefore, by the arbitrarity of g and the explicit action
of Weyl operators on exponential vectors

(ew,xLoes) = (Ljey,zey)

for all w, f € C% and all /. Since exponential vectors form a core for Lj and L,
is closed, this implies that xe; belongs to the domain of L, and L,re; = xLsey,
namely L, C Lyx.

Replacing x with «* we find 2* L, C Lyx™* and standard results on the adjoint
of products of operators (see e.g. [24] 5.26 p. 168) lead to the inclusions

wL; C (Lex*)* C (x*Ly)" = Lyx™.

It follows that x belongs to the generalised commutant of the set of Kraus operators,
namely { Ly, L; | 1 << m}. O

Lemma 4.13. The domain Dom(N™?2) is et _invariant for all t € R and there
exists a constant c, > 0 such that

. 2 2
H(N n ]l)"/2e’tH§H < eenltl || (v + 11)”/25H (4.10)

for all € € Dom(N™?).

Proof. Consider Yosida approximations of the identity operator (1 + ¢(N + 1))~!
for all € > 0 and bounded approximations X, = (N + 1)"(1 + ¢(/N 4+ 1)) =" of the
n-the power of N + 1. Note that, the domain D is invariant for these operators and
also H invariant. For all u € D, setting v = (1+ eN)™"u we have

(u, (XeH — HX )u) = (ve, (N + 1)"H(1+ eN)" — (1 4+ eN)"H(N + 1)")v,)
Compute
(N+D)"H(14+eN+1)" = (1+e(N+1)"H(N +1)")

(N +1)"H(N + 1)F — (N + D*H(N + 1)™)

I
(]
N\
> 3

Sl

ol
o

(N + DF(N + 1) H|(N + 1)F

ES
g

Y
> 3
~__
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and noting that the commutator [(N + 1)"~* H] is a polynomial in aj,aL of
order 2(n — k). This implies that we can find a constant ¢, such that |(u/,[(N +
D™k, Hlu')| < cp||(N + 1)=F)/24/||2 (for u' € D) and so we get the inequality

n

|<’LL, XGHU> — <HU,XE’LL>| <ec, Z <Z> ek <’U€, (N + ]1)n+k115>

k=0
=cp (Ve, (N + 1)" (1 + e(N + 1))"v)
= ¢, (u, Xeu) .

The above inequality extends to u € Dom(H) by density.
Now, for all w € Dom(H) and ¢ > 0, we have

o < - [ & e’
€ € 0 ds N
t
_ 1/ (<eiSHU,X6HeiSHU> . <Hei5Hu, XeeiSHu>) ds
0

t ) 2
<Cn/ HXS/QeISHuH ds.
0

Gronwall’s lemma implies and a similar argument for ¢ < 0 yield

. 2 2
e <o i

for all t € R. Considering u € D and taking the limit as € goes to zero we get (4.10)
for £ € D and, finally for & € Dom(N"/?) because D is a core for N™/2. O

Lemma 4.14. For all j there exists My(C) valued analytic functions H=,HT such
that

o~ g oitH g — Z (H;k () e~ itH gy citHg 4 H;rk(t) o—itH aLeitH£>

forallt € R, £ € Dom(N).
Proof. For all ¢’,¢ € Dom(N) we have

% <£/’e—itH 1tH£> _ ;1_)11% <£ ( —i(t+s)H a; oi(t+s)H _ —itH a; eitH) £>
= lim s~ <(ei(t+s)H _ eitH> ¢ a eitH§>

+ 1111(1) 51 <a eitH ¢! (ei(t+s)H _ eitH) £>
= (iHe'H ¢ q;eftHe) + <a; oitH gl iHeitH§> .

Now, for all u,v € D we have

Q&

(iHv,aju) + <a;v,iHu> —i(v, [H,a;]u (v, aru +cj,g <v,a£u>)

k=1
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for some complex constants Ciks c;rk. The left-hand and right-hand side make sense
for u,v € Dom(N), therefore they can be extended by density and so

i <£/’e—itH a; eitH£>

d
_ Z (C]_k (¢ e H g et e 4 c;_k <£l7efitH aLeitH§>>
k=1
for all ¢, ¢ € Dom(N). Considering the conjugate we find a differential equation for
<§’ ,e 1tH a; eltH ¢ > an so we get a linear system of 2d differential equations with

constant coefficients. The solution of the system yields analytic functions H=, HT
as blocks of the exponential of a 2d x 2d matrix. O

Proof of Theorem 8.2. Let Gy be the self-adjoint extension of — Z?:l L;Ly/2. By
Proposition 4.12, for all y € N(7) and all v,u € Dom(N), we have

<G01}, yu> + Z <L4U7 Z/L£U> + <U? yG()U)
=1

m
> ((LiLev,yu) — 2 (Lev, yLew) + (v, yL; Leu))
1

N | =
o~
Il

[
ol
NE

((Lyy*Lev,u) — 2 (Lgv,yLeu) + (v, LyyLeu)) =0

~
Il

1
because Ljy* and L;y are extensions of y*Lj and yLj respectively, namely £(z) =
i[H, z] (as a quadratic form).

Now, recalling that N (7) is Z;-invariant by Proposition 3.1 1. for all v,u €
Dom(N) also e it~ Hy and e~1(*=5)Hy;, belong to the domain of N by Lemma 4.13,
we have

d ; .
& <efl(tfs)Hv,z];(x)efl(tfs)Hu> -0

which implies

’]}(az) — eiter—itH.
From 7;-invariance of (7)) it follows that also e x e~ belongs to the general-
ized commutant of the operators L;, L (£ > 1).

Since Dom(N) is e*-invariant by Lemma 4.13, replacing ¢ € Dom(N) by
e¢ ¢ Dom(N) and left multiplying by e the identity e*7ze 7L, =
Ly e g e HH ¢ hecomes

T e_itHL[ eitHé- — e_itHLg eitH$£
Taking the scalar product with two exponential vectors and differentiating n times
at t = 0 the identity
(v, ze [, eitHu> = <e*itH L eltfy, wu>
with u,v € Dom(N), we get
(v, 0% (Le)u) = (0% (L) )v, zu) .
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Since iterated commutators 0% (L) are first order polynomials in a;, a};, this means
that  belongs to the generalized commutant of % (L,). The same argument applies
to generalized commutators of §%(L;) for all £ > 1, n > 0.

Conversely, if = belongs to the generalized commutant of operators d% (Ly),
5}}([[5) forall £ > 1,0 <n <2d—1, recall that each one of these generalized com-
mutators is a first order polynomial in a;, aL and so determines two vectors (coef-
ficients of creation and annihilation operators) 7,u € C? and, eventually, a vector
[0,u]T € C??. Let V, be the complex linear subspace of C?? determined by vec-
tors in C?? corresponding to generalized commutators of order less or equal than n.
Clearly, V,, € V41 for all n and so the dimensions dim¢(V,,) form a non decreasing
sequence of natural numbers bounded by 2d. Moreover, if dimc¢(V,,) =dim¢(Vy41),
then V,, =V, 41 and so

05 (L) = Y (2mdl" (Le) + wadff (L7)) +mul,

m=0
o (L7 = D ()™ (Wbl (L) + 20l (L) ) + 70,1,
m=0
for some z1,...,2,, W1, ..., Wy, N, € C. Iterating, it turns out that the linear part in

creation and annihilation operators of 67,7 (L) and 67,7 (L,) depends on vectors
in V,, for all m > 0. It follows that, starting from a value ny > 1 (corresponding to
the zero order commutators Ly and Lj), the sequence of dimensions has to increase
at least by 1 before reaching the maximum value. As a consequence, this is attained
in at most 2d — 1 steps.

Summarizing, if  belongs to the generalized commutant of operators d% (Ly),
0% (Ly) for all ¢ > 1,0 < n < 2d — 1, then it belongs to generalized commutant of
these operators for all n > 0. By Lemma 4.14, we can consider the analytic function
on R

t— <§/’ xefitHLe eitH€> o <€7itHLZ eitHf',$§>
for all £, € D. The n-th derivative at t = 0 is (—i)™ times

(.2 5 (Lo)E) — (SH(L)E 2 ) = 0

for all n > 0 because z belongs to the generalized commutant of operators 07 (Ly).
The same argument shows that x belongs to the generalized commutant of operators
0% (Ly). Applying Theorem 4.1 of [14] (with C' = N and keeping in mind that
(G, C], [G*,C] are second order polynomials in a;, aJ,L, therefore relatively bounded
with respect to C' whence with respect to C%/2) it follows that 7;(x) = ez e 11,

The same conclusion holds for z* and z*x because they belong to the general-
ized commutant of operators 6% (L), 0% (L;). Therefore x € N(7) and the proof is
complete. ]



286 J. Agredo et al. Vol. 90 (2022)

Appendix C: Proof of Proposition 3.6

Proof. Statement 2. readily follows by noticing that if z € M; is such that J(z, z1) =
0 for all 23 € My, then 2 € My N M;'. Therefore S(-,-) is non-degenerate when
restricted to M; if and only if M; N M;" = {0}.

We now prove the first one on the existence of the symplectomorphism for M. The
first step in this proof is an adaptation of the Gram-Schmidt procedure to symplectic
spaces. Consider z; € M with z; # 0 and observe that there exists z € M such
that $(z1,2) # 0, otherwise the symplectic form would be degenerate on M. We
can now set zo = z/(21, 2), so that I(z1,22) = 1. Let M7 = Ling{z1, 22} we now
show that dimgr M; = 2 and

M:Ml @Mll,

where both M; and M;’ are symplectic spaces. Clearly if z;, zo were linearly depen-
dent we would have z; = sz for some s € R and then (21, 2z2) = 0 which contradicts
the construction of zo. Again since &(z1, 22) # 0 we have My N M;" = {0} and M,
is a symplectic subspace for what we proved at the beginning. Moreover if z; € M;
we can write

2= (2 + 3z, 21)22 — Sz, 22)21) + (J(z, 22) 21 — (2, 21) 22),
where it holds
2+ (2, 21)22 — Sz, 20)21 € M1, S(z,22)21 — S(z,21)22 € My,

hence we have proved M = M; & M,’. Eventually M;’ is a symplectic space since
it holds M;"” = M; and M;"” N M;" = {0}. Note also that dimg M;" # 1 otherwise
the symplectic form would be degenerate on it.

We can now repeat the same reasoning starting with the symplectic space M;’ in
order to obtain 23,24 € M;" such that $(z3,24) = 1 and setting My = Ling{z3, 24}
we have

M:Ml@Mg@Mgl,

where M, My, My' are symplectic spaces with dimpg M; = 2 and dimg My # 1.
Notice that they are also pairwise symplectically orthogonal, since both My, My’ C
M;'. Since the remainder space M’ has always dimension different from 1 we can
iterate this process until we get M;" = {0}. When the procedure stops we have a
sequence My, ..., My, of mutually (symplectically) orthogonal symplectic spaces,
with Mj = LinR{ZQj,ZQj+1}, %<Z2j722j+1> = 1. Clearly 2d1 == dlmRM and this
concludes the first step of the proof.

In order to conclude the proof of this point is sufficient to construct the symplecto-
morphism via

BZQj = €4, BZQj+1 = iej.

Eventually for the symplectomorphism of M; C M an isotropic subset, consider
{z1,..., 24, } areal linear basis of M; with d; = dimg M;. Since M; is isotropic we
have

S(zj,26) =0 Vi k=1,...,d.
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This proves 2. In order to prove 3. it suffices to define
BZ]‘ =€y,

to get a symplectomorphism B. O
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